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Prediction of Crude Oil Production in Iraq by Using the Gray Wave Model
with Equal Interval Contour Lines

ABSTRUCT
Gray system theory deals with the uncertain information of phenomena,
according to which some data can be used to create models without taking into
account the distribution of that data. So, this theory has been widely used in the
field of image processing, time-series prediction, system optimization, control
and resolution, etc. Gray system prediction is one of the most important
components of gray system theory that works to find rules for system
development through certain data processing procedures in order to predict the
future of the system scientifically and quantitatively. When the time series data
have large fluctuations and their oscillation range is larger, it is difficult to build
a suitable model to describe the behavior of that time series. In this case we can
think of predicting the wave of development of behavioral data in the future
based on the original data wave. Wave prediction is one of the important
contents of the gray prediction system, and its modeling process is clear and
simple, so wave prediction is gaining high application value in many fields. In
this research, gray wave prediction models were used to predict crude oil
production in Iraq based on the time series data of the monthly production rate,
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the observations of which suffer from large fluctuations, and the effectiveness
of this method in predicting the time series was reached.
Keywords: Grey Wave Forecasting, Equal Interval Contour Lines, Crude Oil
Production.
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Statistically comparison between the performance of students in
attendance and distance study for students of Kut University
College for the years 2018 to 2021

Abstract:

There are some force majeure circumstances that the countries of the world
are going through that make them resort to contingency plans or adopt
alternative plans. And that what happened during the period of the world’s
exposure to the (Covid 19) pandemic and the disruption of social life as a result
of the societal closure, which led to the majority of countries in the world
resorting to adopting the study through electronic communication platforms
instead of attendance.

The majority of countries were not sufficiently prepared to face such a
challenge because of the lack of experience of educational institutions and their
educational staff and even students to face such a challenge. In addition, the
infrastructure and logistics were not at the same level that would help it face

the new situation.

In light of the foregoing, what happened in Iraq was not isolated from what
happened in all countries of the world, as studies in universities and colleges in
Irag turned into a remote study system, and this is what happened at Kut
University College during the period of the epidemic for the years 2019 to 2022.
Because of the lack of available information on the outcome of educational
efforts in the light of distance education, there was a need to conduct scientific
research with the aim of collecting facts, data and indicators about the new
situation in light of the conditions of the pandemic. Herein lies the importance
of this research and the need for it.

The limits of the current research are in targeting the academic years in
attendance and distance studies and comparing the performance of students
in the light of the graduation results of three batches of the Department of
Medical Laboratory Technologies at Al-Kut University College for the years from

2018 to 2022.

Because of the lack of available information on the outcome of educational
efforts in the light of distance education, there was a need to conduct scientific
research with the aim of collecting facts, data and indicators about the new
situation in light of the conditions of the pandemic. Herein lies the importance
of this research and the need for it.

The limits of the current research are in targeting the academic years in
attendance and distance studies and comparing the performance of students
in the light of the graduation results of three batches of the Department of
Medical Laboratory Technologies at Al-Kut University College for the years from
2018 to 2022.
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Moreover, the hypotheses of the research that there are no significant
differences between the performance of students in attendance and working
hours remotely through electronic communication.

The research procedures to achieve the objectives of this research were by
using t-tests for two unconnected samples for knowing whether there are
significant differences between the attendance system and the remote system
via platforms. Electronic communication and at the level of significance (0.01)
After conducting the statistical tests, reviewing, and discussing the results, it
found that there are no statistically significant differences between the
attendance system and the distance study.

In light of the achieved results, the researchers recommended the need to seek
to raise the level of educational performance, reduce the dispersion between
students grades, adopt the hybrid system in the future, develop educational
means and technologies, and continue conducting research in other
departments of the college with the aim of obtaining educational indicators
that contribute to raising performance in the future.
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o= Lxd (Narayan 2004) 9 (Pesaran and Shin1999) ¢yég Ol 4 (9091 U8 Ll oo
JoY1 1oslas sty (ARDL) gigedl slal 11 HlussYl z3ges plasuiwl Jlgd! Jul=s o
a3l o S 131 ¢(F-Statistics) sz dawlgy Olgasall o J2YI dbsl A8Mall dyis
@9 Jalotll (ye &1 8 glasl ) Jaiis 3 geill oo o Hidis JoBS 3579 (paay 829790
Skl e ST @3 ¢y09 ¢(22) Uasdl ruoesas g3 gaid Joskally psndll JoI Olalas puds (asais
.C.S}A:J‘

S| I dewlidlly dsbasl ShlasVl 5k o oS g3kl e sae dbluay &>l Cuwld
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Y = f(gdp, congov, x,imp, pop, per, ir)

BJ.LEJ\ Ol J‘ J,g.xﬁ.ﬂl G‘:b_: gL «dJlulJ ARDL @5&” ;Ua.)}U @|JJ\ )|J~.‘>e.33’| CJ}M s (°’3
Sl Of ¢! cAdjusted R-squared=0.88 deud 9¢(R2=0.95) ydéall zdgeidd dpua]
- b1 piiell (3 sl (y (%95) S Hokiiall 3 gl (§ A1 Alianel!
Lie ginn (29 (13.45) (S9lud 8BS dpainall F doud O] 3§ pins g9l OF JI glidl seads
pall dunyd 4adg byiae 09S0 suiell Zagaldl @5 (09 ¢(%1) Sghume

bl dnydl Jasg H, 1 B8, =, =B, =0

Aally Bradall Olgaiall o @ 3929 e s @ H, 1 B = B # B, #0
(4) Jgaml & onen WS e Manall Hlaedl) (bl 03,12l

(4) J9u=>
ARDLz3 g5 pluswily esuatll e d3bamddl Jolgall 51 a3
Variable Coefficient Std. Error t-Statistic Prob.*
DCPI(-1) 1.145857 0.260559 4.397683 0.0006
DCPI(-2) -1.199654 0.329466 -3.641212 0.0027
DPER 0.003706 0.001583 2.340733 0.0346
DPER(-1) -0.006661 0.002317 -2.874621 0.0122
DPER(-2) 0.002779 0.002265 1.226995 0.2401
DGDP 1.97E-07 9.92E-08 1.982869 0.0674
DGDP(-1) 8.25E-08 1.15E-07 0.719749 0.4835
DGDP(-2) 2.87E-07 1.43E-07 1.998607 0.0655
DX -2.87E-07 1.72E-07 -1.675995 0.1159
DX(-1) -5.55E-07 1.81E-07 -3.061086 0.0085
DX(-2) -1.05E-06 2.34E-07 -4.486942 0.0005
DIMP 4.02E-07 1.97E-07 2.045872 0.0600
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DIMP(-1) 3.92E-07 1.34E-07 2917717 0.0112
DIMP(-2) 5.99E-07 1.37E-07 4.382591 0.0006
DIR 0.616750 0.424288 1.453612 0.1681
DIR(-1) 0.566656 0.301961 1.876585 0.0816
DIR(-2) 2.116508 0.503714 4.201806 0.0009
DCONGOV 3.98E-07 2.53E-07 1.574820 0.1376
DCONGOV(-1) 8.06E-07 4.03E-07 1.998264 0.0655
DCONGOV(-2) 9.07E-07 4.63E-07 1.957324 0.0706
POP 4.155768 3.647667 1.139295 0.2737
POP(-1) 0.000810 4.804566 0.000169 0.9999
POP(-2) -4.191562 3.148746 -1.331185 0.2044

C -4.617282 1.987206 -2.323504 0.0357
R-squared 0.956708 Mean dependent var 3.936605
Adjusted R-squared 0.885584 S.D. dependent var 6.301767
S.E. of regression 2.131596 Akaike info criterion 4616248
Sum squared resid 63.61180 Schwarz criterion 5.650513
Log likelihood -63.70871 Hannan-Quinn criter. 4984231
F-statistic 13.45142 Durbin-Watson stat 1.914373
Prob(F-statistic) 0.000005

Eviews9 gl &dlasY gl e slaisYb LWl sluel e Jodard! 1 yuadll

St @b e J2II dbgb 455195 A8V sgzg (S1 b JoBS d8Me D9 sl ) Jais

O

F-statistics) HlasY duwioeall dogdll O J 8Ll pi39 <(Bounds Test) a9l

5 dlde g cdoginall Glbgiue grozr die §xSls Sriuall dgaad! dadll (po ST 29 (4.58)
or 2V Abgb A3Me w5 (Sl elpsiall o Hide JolSS 929 e i (I Abadl Aub,all

(5) Jgaadl 3 oo WS cqo3nsailly 8l ol il
(5) Jgu=r
el CAj.QAJJ Sg9ddl s

Test Statistic
F-statistic

Critical Value Bounds

Significance
10%

5%

2.5%

1%

Value
4.587269

10 Bound
2.03
2.32
2.6
2.96

11 Bound

3.13
35
3.84
4.26

Eviews9 zelin 45basl bl e slaxeYb &=Ll slast oo Jguardl duaell

¢ARDL zgie 339 Joshall J=lg (Uasdl s 73 g0il) )] Jodl Olakas yuds I Jaids of
Olabgadly Gilgall CBpall yauw Adiuall Olpiiall juadll J2Y dealas of J gt s 3)
Oly ¢(Prob.) JWiodl 3gac Cowmg (%59 %1)Sgiue Lie dgine B yauwg Ohabally

AsLamdYl &,laill Ogasas) Blas 929 esuail (3 50 L) Al Wlpaiall odn
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Lie Dgias (29 (-1.05) cab 18 Sl As w9l Tasdl guonas dolas OF JI gl seads
gl 43391 dapal] ol (%105) dandy sl sadll J=V (§ @l o (51 ¢(% 1) S g
Lg13 el UM S>3
B yang halually Calgiwdly Jlozdl sl gl of Jaxbid JoYI dogls 233l Lol
(6) Jsdad! 3 o LS el e Sginn G 4 bglall 2 § 258 Blasdly
(6) Jou=
pseailly HUamdY! Jaolgadl s J2I Abgls d8Mally Uasdl mumsal 73 903

Cointegrating Form

Variable Coefficient ~ Std. Error t-Statistic Prob.
D(DCPI(-1)) 1.199654 0.329466 3.641212 0.0027
D(DPER) 0.003706  0.001583 2.340733 0.0346
D(DPER(-1)) -0.002779 0.002265 -1.226995 0.2401
D(DGDP) 0.000000  0.000000 1.982869 0.0674
D(DGDP(-1)) -0.000000 0.000000 -1.998607 0.0655
D(DX) -0.000000 0.000000 -1.675995 0.1159
D(DX(-1)) 0.000001 0.000000 4.486942 0.0005
D(DIMP) 0.000000  0.000000 2.045872 0.0600
D(DIMP(-1)) -0.000001  0.000000 -4.382591 0.0006
D(DIR) 0.616750 0.424288 1.453612 0.1681
D(DIR(-1)) -2.116508 0.503714 -4.201806 0.0009
D(DCONGOV) 0.000000 0.000000 1.574820 0.1376
D(DCONGOV(-1)) -0.000001  0.000000 -1.957324 0.0706
D(POP) 4.155768 3.647667 1.139295 0.2737
D(POP(-1)) 4.191562 3.148746 1.331185 0.2044
CointEq(-1) -1.053797 0.198883 -5.298565 0.0001

Cointeq = DCPI - (-0.0002*DPER + 0.0000*DGDP -0.0000*DX + 0.0000
*DIMP + 3.1315*DIR + 0.0000*DCONGOV -0.0332*POP -4.3816)

Long Run Coefficients

Variable Coefficient Std. Error t-Statistic  Prob.
DPER -0.000167 0.002732 -0.061080 0.9522
DGDP 0.000001 0.000000 2.664787 0.0185

DX -0.000002 0.000000 -5.441577 0.0001
DIMP 0.000001 0.000000 4.691815 0.0003
DIR 3.131452 0.507567 6.169539  0.0000
DCONGOV 0.000002 0.000001 2.646962 0.0191
POP -0.033198 0.105947 -0.313347 0.7586

C -4.381568 1.761651 -2.487194 0.0261

Eviews9 gl dsbasYl mtidl e slisYb diWisluel oo Jgdardl yduasll
Gl BLEI Aise (o 095 o WSTU azall Z3gaild GV LLOHYI Hlast JI Jais

ol d! @bl as d(Breusch-Godfrey Serial Correlation LM Test),las! plaseut
bli)l 0929 pday (9285 Gl pdadl dupyd Jus 1 udaaddl LI o JI5- Huiall 73 g0l
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Aol dupyall (a8 adeg digian & Chi-Squares F ozl dad 0Y @lgd! o ksl

(7) J9u=
liseod! 3 garl) sl oLy L
Breusch-Godfrey Serial Correlation LM Test:
F-statistic 0.021924 Prob. F(2,12) 0.9784
Obs*R-squared 0.138344 Prob. Chi-Square(2) 0.9332
Eviews9 gelin &sbasl bl e slaxedb di>Whslae! oo Jguzdl Hduaell

T35l O ) @bl il Sfecnlall il pds opo SSTIg bl Z3geidl sl J) Jasis @3
O ) Lgins pe 38 Lyl dslasdl Ol igell 0Y bl Guilas pue Aaw oo J1 Hadall
(8)J9a=dl 3 e WSepudlomie slasl epls
(8) Jygu=r
Sseall Z3gail) bl il pie s
Heteroskedasticity Test: Breusch-Pagan-Godfrey

F-statistic 0.661109 Prob. F(23,14) 0.8165
Obs*R-squared 19.78425 Prob. Chi-Square(23) 0.6549
Scaled explained SS 2.494272 Prob. Chi-Square(23) 1.0000

Eviews9 gelin &basdl miludl e slaeb &>Wislael (o Jgaadl Hauasl!

BRvIN] G.S}u’Jl Aoyl

09 395 Bled! O Je paid G paadl dupyd pisu Ly — > jarque-Beraylis! desd
O JI 483 kel Aad 0l I b wigs £595Y Gloadl 0b Abudl dunyall hlie ¢ gudbo
a9 95 3ledl Ol SI%5 e AST (2 p-value ALYl dad Y pusdl duby J9:d o
(1) Sadb e S padall 3 gaill Bogond duzr g0 102 Olg (s

Jadall z3gadl @l Ll (1)JSus

Series: Residuals
74 — Sample 1983 2020
Observations 38
6 S
Mean -1.90e-14
54 Median 0.020632
Maximum 2.711571
44 — Minimum -2.838661
Std. Dev. 1.311197
34 Skewness -0.006116
Kurtosis 2.857656
24
Jarque-Bera  0.032318
1 Probability 0.983971
T T

ol —
-3 -2 -1 0 1 2 3

Eviews9 zelisd dslbasdl glidl e slazedb &-Wislas! o Jadadl Hyaal)
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1 GDP -2.686703 3036251 | -3.740515
2 O] 3434274 13.839709 | -3.849360
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2. Marc Labonte, Inflation: Causes, Costs, and Current Status,

congressional research services, July26, 2011,p1.
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Abstract

This article is concerned with Endpoint-Inflated Poisson distribution for modeling count
data with large frequencies of zeros and right-endpoint m. The proposed model is said
to be inflated since it allows for positive probability mass at some points (zero and m).
The model is a mixture of three distributions, a degenerate distribution with a unit point
mass at zero, a degenerate distribution with a unit point mass at m which assign higher
probabilities to 0 and m and the other counts are defined by the Poisson distribution.
Some of its properties is discussed. The maximum likelihood and moment approaches
are utilized to derive point estimates and confidence intervals for the distributional
parameters. The elements of the Hessian matrix, the Fisher information matrix and the
variance-covariance matrix of the maximum likelihood estimators are derived. An
application using two real data sets is presented. The performance of the model and its
sub-models is assessed using goodness of fit test and different information criteria.

Keywords: Count data; Poisson distribution; Zero-Inflated Poisson distribution;
Endpoint-inflated Poisson distribution; Zero- one Inflated Poisson
distribution; Maximum likelihood estimators; Moment estimators.

1. Introduction

Many studies in different areas involve nonnegative integer values. The Poisson models
are the most used tools for modeling count data. In practice, however, count data are
often over dispersed, the variance can be greater than the average value. One frequent
manifestation of over dispersion is that the incidence of zero counts is greater than
expected for the Poisson distribution. Motivated by this fact, some studies have focused
on inflated distributions for modeling count data with large frequencies of zeros that
cannot be explained by models based on standard distributional assumptions. Inflated
distributions can be thought as finite mixture distributions which involve a finite number
of components to deal with the nature of the data. Mixture distributions arise when
each distribution separately cannot describe the data. Some of these studies are
interested in zero-inflated and others are interested in zero-and-one inflated families of
models.

Zero-inflated distributions have been developed to fit count data with large frequencies
of zeros that cannot be explained by models based on standard distributional
assumptions. Such data are common in many fields including medicine, public health
studies, epidemiology, ecology, sociology, psychology, econometrics, agriculture,
engineering, manufacturing, and road safety. This method is based on an assumption
that the random variable is generated by a mixture of two distributions, one is the
discrete distribution and a degenerate distribution with a unit point mass at zero [see
Mullahy (1986) developed zero inflated family of models, Lampert (1992) extended
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zero-inflated Poisson (ZIP) distribution]. Many studies build regression models based on
Zero-inflated distributions to clarify the relation between the covariates and the
response variable. [see Lampert (1992) used a parametric ZIP regression model to study
the effects of covariates with parameters of interest via appropriate link functions,
Ridout et al. (2001) derived a score test for testing a ZIP regression model against zero-
inflated negative binomial (ZINB) alternatives which the non-zero part of the count data
is over dispersed and another distribution such as ZINB may be more appropriate than
ZIP, Diop and Dupuy (2014) developed zero inflated Bernoulli (ZIBER) regression model
to fit binary data that contain too many zeros. Fitriani et al. (2019) presented Simulation
on the ZINB to model over dispersed Poisson distributed data, Diallo et al. (2019)
presented estimation in zero-inflated binomial (ZIB) regression with missing covariates].

Zero-and-one inflated distributions have been developed to fit count data with excess
zeros and ones simultaneously. For example, most car owners will claim zero or one
time in the insurance period; one may be infected by some virus for at most one-time
due to the generation of corresponding antibodies once after the infection, so the count
of one can be underestimated by zero-inflated models. There are many ways to build
zero-and-one inflated models and one of these methods is based on an assumption that
the random variable is generated by a mixture of three distributions, one is the discrete
distribution, a degenerate distribution with a unit point mass at zero, and a degenerate
distribution with a unit point mass at one [see Edwin (2014) considered zero-one
inflated geometric (ZOIG) distribution in analysis of a real life. Alshkaki (2016)
introduced zero-and-one inflated power series distributions, Poisson, binomial,
negative binomial, geometric and logarithmic series distributions. Alshkaki (2016)
discussed properties and parameters estimators of zero-and-one inflated Poisson (ZOIP)
distribution. Alshkaki (2016) provided mathematical properties of zero-one inflated
logarithmic series (ZOILS) distribution. Alshkaki (2016) provided mathematical
properties of zero-one inflated negative binomial (ZOINB) and zero-one inflated
binomial (ZOIB) distributions. Zhang et al. (2016) studied the likelihood based ZOIP
model without covariates. Tang et al. (2017) studied the statistical inference for (ZOIP)
distribution. Liu et al. (2018) derived the objective Bayesian estimation of ZOIP model,
Alshkaki (2019) drive a combined estimation method to estimate the parameters of the
(ZOINB) distribution, Tlhaloganyang et al. (2019) derived Structural properties of zero-
one-inflated negative-binomial crack (ZOINBCR) distribution].To investigate the relation
between the covariates and the response variable, many studies build regression
models based on zero-and-one inflated distributions [see Deng et al. (2015) introduced
generalized endpoint-inflated binomial model, Liu et al. (2018) introduced zero-and-one
inflated Poisson regression model].

In this article, endpoint-inflated model was developed to fit count data to handle
variability from both excessive zeros and excessive right-endpoint m compared with
other observations in the data .Such data are common in many fields including
psychological, social, and public health related research. For example, many patients go
to the cosmetology many times when others never visit; the number of days that
individuals employ may be zero due to unemployment and may be many days; patients
may be infected by the virus and have not received any doses of prescription
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medication for lake of detection while others have received multiple doses for early
detection; the number of days people with psychiatric problems spent in hospitals
exceeds months while others are not fully hospitalized. The proposed model is
suggested based on the strategy of inclusion an extra parameter, which is an extension
of zero- inflated models through addition of the right-endpoint inflation parameter to
provide alternative distributions for modeling count data that is found to be
characterized by excessive zero and excessive right-endpoint counts. The model is
based on an assumption that the random variable is generated by a mixture of three
distributions, one is the discrete distribution, a degenerate distribution with a unit point
mass at zero, and a degenerate distribution with a unit point mass at m, so the model
is said to be inflated since it allows for positive probability mass at some points [zero
and m].

The endpoint-inflated Poisson distribution is a mixture of three distributions, a
degenerate distribution with a unit point mass at zero, a degenerate distribution with a
unit point mass at m which assign higher probabilities to zero and m and the other
counts are defined by the Poisson distribution.This article unfolds as follows; Section 2
presents the endpoint-inflated Poisson distribution. The main properties of the
distribution such as the mean, variance, moment generating function, and the
probability generating function are obtained in Section 3. Section 4 discusses the
maximum likelihood estimators. The elements of the Hessian matrix, the Fisher
information matrix and the variance-covariance matrix of the maximum likelihood
estimators are derived in Section 5. In Section 6 the moment estimators are presented.
Estimation of the parameters of the endpoint-inflated Poisson distribution and its sub-
models as well as fitting their frequencies were presented in Section 7 using two
different sets of data representing; the number of infected cases with Covid 19 in Africa
data, the number of weekly worked days in Egypt data. Finally, some concluding
remarks were given in section 8.

2. Endpoint-Inflated Poisson Distribution

Let Y be a discrete random variable has an endpoint-inflated Poisson distribution,
denoted by EIP(¢,, ¢4, 1), the model can be expressed as a mixture of three
probability functions as follows:

f 00,01, = 0. 1(0) + 01 L(¥) + @2 f3(), (1)
where

) =p(y=0)=1 for y=0. (2)
is a degenerate probability function with a unit point mass at zero,

L) =ply=m)=1, fory=m. (3

is a degenerate probability function with a unit point mass at m,

-2
f:(y) = ey—fy,for y=012,.. , A1>0 (4)
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is the probability mass function (pmf) of the Poisson distribution, denoted by PD(4),
@, € [0,1], ¢, € [0,1] denote the unknown proportion for incorporating extra zeros
and extra right-endpoint m, respectively and ¢, = 1 — @, — ¢, € [0,1].

then
f; 90,01, 1)
{ ©, + e if y=0,
e
©, I ify=12,...m—1m+1, (5
| e Aam
k(pl + (pZ m' lf y =m,

The model (5) is a three-component mixture model with two degenerate distributions
at y =0 and y = m, and the PD(1). Figure 1 shows some different EIP(¢,, @1, 1)
probability mass functions along with the corresponding values of (¢, @, 4). It is
noteworthy that the probability functions can display different shapes depending on
the values of the three parameters. In particular, when ¢, = 0, the EIP(¢y, ¢4, 1) in
(1) is reduced to right-endpoint inflated Poisson distribution, denoted by REIP (¢, 1)
when ¢, = 0, the EIP(¢@,, ¢1,4) in (1) is reduced to zero inflated Poisson distribution,
denoted by ZIP (¢, A) which is proposed by Lampert (1992), when ¢, = ¢, = 0, the
EIP(¢@q, @1,4) in (1) becomes the PD(A) in (4). Also, the subset models can
accommodate, inflation-inflation (@, > 0, ¢, > 0), inflation- deflation (¢, > 0,p; =
0), deflation- inflation(¢, = 0, ¢; > 0). However, the model can also be used to fit the
data with zero deflation (¢, = 0) and m deflation (¢; = 0).
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Figure 1 Endpoint-inflated Poisson Probability Mass Functions for different combination
of (99, ¢1,4) andm

The cumulative distribution function (cdf) of the EIP (¢, ¢4, A) is given as:
F(y; 90, 91,) =P(Y <)

= fOig0 oD, y=0,12,... (©)
Y<y
3. Some Properties of the Endpoint-Inflated Poisson Distribution
The r'" moment about the origin of the random variable Y can be obtained as follows:
-2
e A

y!

E(Y") = om" + ¢, Z v , =12, (7)
y=0

The mean and variance respectively, are given by:

EQY)=q@m+ ¢, 4, ®)

V() = om*+0,(A* + 1) — (pym + @, 1), 9

The moment generating function and the probability generating function, respectively,
are given by

My(t) =@, + @re™ + g, eMe'-1), (10)

Gy(t) = Qo+ @:t™ + @, e*V (11

By substituting ¢, = 0, ¢; = 0 and ¢, = @, = 0, respectively, the main properties of
the sub-models, REIP (¢4, 1), ZIP(¢,, A) and PD(A),respectively, can be obtained as
special cases of the main properties of the EIP(¢@,, ¢4, 4).

4. The Maximum Likelihood Estimators of the parameters

The maximum likelihood estimation (MLE) method is used to estimate the parameters
of the EIP(¢y, ¢4, ).

Let y;, ..., i, be a random sample of size n drown from f(y; ¢, @1, ) in (5).

The likelihood function of the observed sample is given by:

L (Q: z) = l_[f(yi; ®o, 91, 1), (12)

where 0 = (g, 91, 1).
The likelihood function of EIP(¢,, ¢4, 4) is derived by substituting (5), in (12).

Iy e~ pm]" < e
L(8:y) = [po + 927*] [(pl + o ] l—[ <<pz o ) (13)
. .

i=1

where
I, = I,(y) =# {i: y; = 0},
L = L(y) =#{i: y; =m},,
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and

12 =Nn- IO - 11.

Here # x is used to denote the number of elements of the set x.
The natural logarithm of (13) can be obtained as follows:

£(0) =inL(8;y)

A
=1, (@, + ™) + IIn ((pl + @,e

mi
Iz
£y )
i=1

—Z Iny,l. (14)

The elements of the score vector for ¢, ¢, and 4 can be obtained by taking the first
partial derivatives of the log likelihood function (14) with respect to the unknown
parameters 6 = (¢,, ¢1,4), as follows:

) + Izln(¢2) - 12/‘{

Am
-2
oee) (-e) () o
a(p = 0y + ¢ e_)L[o - am'1 _(p_IZJ (15)
0 [} 2 01 +(pze—lm 2
Am
-1
o) _ et (1_e m) L—— (16)
P - - _11o ~ qm 1= 12,
"3 9o + @€ 0y + prei i 2
) mlm'l Am
2¢(8 o2 e ( — - o
a(,1_):_ e LR I 11—12+Z—l—/11y’ A7)
Do () 01 + (pze—llm

From (15), (16) and (17), the score vector for ¢, ¢, and 1 can be written as follows:

o) - (af(e) 22(0) ae@) |

dp, ~ 0, ' 01

The ML estimators of ¢, ¢, and A can be obtained as the solution of the nonlinear
system [see Alshkaki (2016)].

(64(2) a¢(9) 0¢(0) )

30, 0p. ax ) Y
let
Po = 9o + @2, (18)
p1=¢+ @23_1%- (19)
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and they can be replaced by their sample relative frequencies, i.e. their sample
estimates which are the proportion of zeros and the proportion of ms in the sample as
follows:

I,
Do = —, 20
Po In (20)
I
== 21
b1 n (21)

By substituting (18) to (21) in (15) and setting to zero, ¢, can be estimated as follows:
" I 22)
(pZ = m- "

n (1 —et— e"ll—)

m!

By substituting (18) to (21) in (17), A can be estimated using:
A(2) =0, (23)

I m Im-1 im
A1) = Zyi—lzi <ei—1—%>+i<—1+(l— A ) (24)
i=1

m—1)! m!

Hence, (24) can be solved by any numerical procedure, to obtain 1 numerically,
Similarly, using (18) to (24), ¢, and ¢, can be estimated respectively as follows:

50 =21 L2 (25)
(p0:_ o~ — =1
n e?[_l_’l_n'l

m! ]

and
zm
5 L, 2 26
(P1—n 1 ~ Tm| (26)
el —1-2+
m!

The maximum likelihood (ML) estimators for ¢, A of REIP(@, 1), @y, A of ZIP (¢, 1),
and A of PD(A), can be obtained by substituting I, = ¢, =0, I; = ¢, =0and [, =
@o = I, = ¢, = 0, respectively in (14) and taking the partial derivatives with respect
to the unknown parameters 6 = (¢4,1), 0 = (¢, A) and A, respectively, and following
the same steps as before.

5. The variance-covariance matrix

The variance-covariance matrix of the ML estimators of the EIP(¢@,, ¢1,4), is the
inverse of Fisher information matrix, the elements of the Fisher information matrix can
be obtained by taking the negative expectation of the Hessian matrix.

The elements of the Hessian matrix of the ML estimators of the EIP(¢,, ¢, 4), are
obtained by taking the second derivatives of the natural logarithm of the likelihood
function, E(Q) in (14) with respect to the unknown parameters, 8 = (¢, @1, 1), as
follows [see Appendix Al:
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) i,j =1,23.

U, [ae 96, ’e )] 8.0,

the Hessian matrix can be written as follows:

]tpatpa ]wotpl ]<po/1
](Q): ]<P1<P0 ]<P1<P1 ]<P1)L . 27)

Jrgo  Jae,  Jaa

The elements of the two 2x2 Hessian matrices of the ML estimators for
REIP(¢,, A) and ZIP(¢,, A)can be obtained as special cases of (27) when I = ¢, =0
and I, = ¢, = 0,respectively.

The elements of the Fisher information matrix of the ML estimators of
the EIP(¢,, ¢4, 4),are obtained by taking the negative expectation of the Hessian
matrix (27) as follows [see Appendix B]:

KO, = £ 7755

Where: i,j = 1,2,3. and 8 = (¢, ¢1,4) the Fisher information matrix can be written
as follows:

Kfpofpo K(ﬂo(ﬂl K<po/1
K(Q) = K(P1(P0 K<P1<P1 KlPM . (28)
Kigy Kip, Ku

The elements of the two 2x2 Fisher information matrices of the ML estimators for
REIP(¢4, 4) and ZIP(¢@,, 1)can be obtained as special cases of (28) when I = ¢, =0
and I, = ¢, = 0,respectively.

The variance-covariance matrix of the ML estimators of the EIP(¢y, ¢1,4), is the
inverse of Fisher information matrix (28), can be obtained as follows [see Appendix c]:

K(G)_ | ( I adj K(8), (29)
where B
|K(Q)| is the determinant of K(Q), (30)
and
adj K(Q) is the adjoint of K(Q). 31D
the variance-covariance can be written as follows:
K®Po®Po KPoP1 KPol
k@)t = (K‘Pl‘ﬂo K®191 ](‘PM), (32)
KA‘PO K)L(Pi K/l/l

The diagonal elements, k* of the variance-covariance matrix, k(6)~! in (32) are the
variance of the ML estimators, (@0,4‘71,)1) and the square roots of the diagonal
elements of the variance-covariance matrix, are the standard errors of the ML
estimators, ((f)o, (f)l,i).
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It can be noticed that, the elements of the two, 2 X 2 variance-covariance matrices
for REIP(¢4, 1) and ZIP(¢@,, 1), can be obtained as special cases of (32) when I, =
@, = 0and I, = ¢, = 0, respectively, with diagonal elements of each are the variance
of the ML estimators, ((ﬁl, i) and ((ﬁo, i) and the square roots of the diagonal elements
are the standard errors of the ML estimators, ((f)l, i) and ((f)o, i) of the ZIP(¢,, 1) and
REIP(¢,, 1), respectively.

The variance of the ML estimator, (i) of the PD(4) can be obtained as follows:
V() =———F=
="
o172

then, the standard error of the ML estimator, Adis the square root of this variance.

1 A 23
o (33)

Thus, (1 —a)100% asymptotic confidence intervals (Cls) of @, @; andA can be
obtained as follows:

9 + 2a(kM)2, (34)

a
2

b= ((ﬁo, (/31,/1), and z, represent the a‘”* quantile of the N(0,1) distribution.

6. The Moment Estimators of the parameters

The moment estimation (ME) method is used to estimate the parameters of
the EIP(@q, ¢1,4). The first three distribution moments about the origin for the
EIP(¢y, @1, 4) can be found to be,

= @m+ @, A,
uy = pim?* + A1 + 2),
and
s = @m3 + @, A(1 + 31 + 22).
Let V1, V2,,,) Y b€ @ random sample from f(y; @o, 1, 1) in (5), and let,
=1y ki
n g

i=1

M. = r=123 (35)

be their sample moments about the origin, then solving the following simultaneous
equations:

M;=@m+ ¢, 2, (36)
My = @m? + @, A(1 + A), (37)
and

Mj = @;m> + @, A(1 + 31+ 22). (38)

for ¢, , ¢, and A give the following ME for these parameters:
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1 5 )
Do = —2M{M} + M3 + 2M{M} — 2MM} + M}
o 2(—1+m)2m(M§—Mé—Ml’m+M;m)( e T s R

+m(2M% + 2M} + 6M5% — 2M} — 2M M} — 4MyM})
— m2(2M + 3M}? + 2Mj + 8M{Mj — 2M;° — 4M} — 4M{M})

+m3(4M] + 6M;° — 2M} — 2M{Mj — 2M}) — m*(2M] + M}* — 2M3)

+ Q(~Mj + M + Mjm — 2Mjm + Mim?)), (39)
_2Mj — My + M — m(M; — 2M3) + Mjm? + Q
¥ = ’ (40)
2(1—-m)m
and
.~ 3M,—Mj;—3Mim+ M;m? +
1= 2 3 : 1 . 1 Q (41)
Z(Mlm - Mz)
Where

Q =4(-1+m)(M; — M{m)(My — M} — Mjm + Mym) + 3M; — M} + M; (=3 + m)m)?

The moment estimators for ¢4, 1 of REIP(¢@4, 1), ¢y, A of ZIP (¢, 4), can be
obtained by substituting ¢, = 0, ¢; = 0, respectively, in (36) and (37), then solving
the simultaneous equations as before. The moment estimator for A of PD(1), can be
obtained by substituting ¢, = ¢, = 0, in (36).

7. Application

Two applications using two real data sets are introduced to demonstrate the
importance and flexibility of the proposed models. The performance of the models is
assessed using goodness of fit test and different information criteria. The chi-squared
(2 test is applied for testing the goodness of fit of EIP(¢,, ¢4, A) and its sub-models to
the data sets. - log-likelihood, Akaike information criteria (AIC) and Bayesian
information criteria (BIC) are used for comparing the models, Smaller values of— log-
likelihood, AIC and BIC indicate better models.

7.1 The Number of Infected Cases with Covid 19 in Africa Data

An application using the number of infected cases with Covid 19 in 34 countries in the
continent of Africa from 3/21/2020 to 12/10/2020 is illustrated. The data set is obtained
from the site of World Health Organization (WHO). The observed frequency of the cases
which are uninfected with Covid 19 are 162, thus the data set contains 162 zeros. and
the observed frequency of one infected case with Covid 19 are 148.; i.e. the data set
contains non- negligible number of zeros (left —endpoint) and one (right-endpoint).The
bar chart and the normal Q-Q plot of the number of infected cases with Covid 19 in 34
countries in the continent of Africa from 3/21/2020 to 12/10/2020 is presented in
Figures 2 and 3. It is noticed that the data contains inflation at two points 0 and 1.
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Figure 3: The Normal Q-Q Plot of the Number of
Infected Cases with Covid 19 in 34 Countries in
the Continent of Africa from 3/21/2020 to
12/10/2020

Figure 2: The Number of Infected Cases with Covid 19 in
34 Countries in the Continent of Africa from 3/21/2020 to
12/10/2020.

The observed and fitted frequency distributions based on the MLE and ME of
the EIP(¢,, @1, 4) and its sub-models are presented in Table 1.

Table 1: Observed and Fitted Frequency Distributions of the Number of Infected
Cases with Covid 19 in 34 Countries in the Continent of Africa from 3/21/2020 to
12/10/2020.

Observed Frequency Count of infected cases

0 1 2 3 4 5 6 7 8 9 10
162 148 93 91 102 46 89 79 54 42 52

MLE  EIP(¢q, ¢1,4) 162 148 98 94 108 49 81 78 53 41 46

ZIP(9o, 1) 162 191 9 96 108 49 8 80 51 25 13
REIP(¢;,4) 24 144 90 88 118 140 110 119 72 36 16
PD(}) 26 93 146 191 184 133 91 54 26 11 5
ME  EIP(¢g ¢1,4) 171 155 72 93 102 51 84 85 59 47 39
ZIP(@o, A) 162 44 93 114 102 97 104 91 62 46 43
REIP(¢;,A) 5 430 23 47 71 85 8 74 56 37 44
PD(1) 24 80 153 195 186 143 91 50 24 10 3

Point estimates with the corresponding standard errors and confidence intervals for the
parameters of EIP(¢,, ¢4, 4) and its sub-models using the data set of the number of
infected cases with Covid 19 in 34 countries in the continent of Africa from 3/21/2020
to 12/10/2020, are summarized in Table 2
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Table 2: The Parameters Estimates and the Corresponding Standard Errors for the
Models Using the Data Set of the Number of Infected Cases with Covid 19 in 34
Countries in the Continent of Africa from 3/21/2020 to 12/10/2020

MLE ME
Point Std. Error  Interval Point Std. Error Interval
x 5.4223 0.0948 (5.2365, 5.6081) 5.6031 0.02421  (5.55565, 5.65055)
Bo 0.1660 0.0118 0.1428, 0.1892) 0.1760 0.04308  (0.09156,0.26044)
EIP(¢o, 01, A) @1 0.1378 0.0118 0.1146, 0.1610) 0.1727 0.00167  (0.16943,0.17597)
E(Y) 3.9100 3.8226
V(Y) 9.0722 9.6616
x 4.6004 0.2857 (4.0405, 5.160) 5.3501 0.2754  (4.8104,5.8898)
2P0, 1) @, 01607 0.0122 (0.1367, 0.1847) 0.2855 0.0167  (0.2527,0.3183)
o E(Y) 3.8613 3.8226
V(YY) 6.7154 9.6616
x 4.3380 0.0793 (4.1826,4.4934) 6.0474 0.1030  (5.8456,6.2492)
@1 0.1037 0.0126 (0.0789,0.1287) 0.4408 0.0173  (0.4069,0.4747)
REIP(¢1, 1) =+
E(Y) 3.9919 3.8225
V() 4.9238 9.6616
x 3.8225 0.06316  (3.6987,3.9463) 3.8225 0.0632  (3.6987,3.9463)
PD(2) E(Y) 3.8225 3.8225
V(Y) 3.8225 3.8225

The estimated variance of the random variable Y~EIP(¢,, ¢1,4), V(Y) reflect the
variation of the data, which has more frequencies for some observations [namely zero
counts and one counts] than other models.

Validation of the Models to the Data Set
The results of le - log-likelihood, AIC and BIC are summarized in Table 3.

Table 3: Validation of the Models to the Data Set of the Number of Infected Cases
with Covid-19 in 34 Countries in the Continent of Africa from 3/21/2020 to
12/10/2020.

Expected frequencies
MLE ME

BIP(po, 91,2) ZIP(po, ) REP(pr, PG | PP % 2Py, 2) REIP(1,2) DY)

$? 3 146 973 1547 13 288 5885 1933

df 7 8 8 9 7 8 8 9
p-value 0.83500 <000001 <0.00001 <000001 0.072108 <0.00001  <0.00001 <0.00001
-Log-Likelihood 2298.87 2427.21  2649.07  2678.26  2307.65 2512.53  3090.59 2678.26
AIC 4603.75 4858.42  5302.14  5358.51  4621.30 5029.07 6185.18 5358.51
BIC 4618.34 4868.15  5311.88  5363.38  4635.89 5038.80  6194.91 5363.38

It is noticed from Table 3 that the data contains the EIP(¢,, ¢, 1) provides a better fit
when compared with other models and can serve as an alternative model to the existing
models.

7.2 The Number of Weekly Worked Days in Egypt Data.

An application using a sample of 18837 individuals in working ages (16-60 years) from
7526 family of the household income, expenditure and consumption survey (HIECS)
carried out in Egypt at 2012- 2013 is conducted. The data set is obtained from the
Central Agency for Public Mobilization and Statistics. Egypt, Arab Rep. 2012-2013. The
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sample contains the number of days worked by 18837 individuals in the last week
before the survey. The data set contains 8899 zeros and contains 4170 six; i.e. the data
set contains non- negligible number of zeros (left —endpoint) and six (right-endpoint).
The bar chart and the normal Q-Q plot of the number of days worked by 18837
individuals of 7526 family in Egypt in 2012 - 2013 is presented in Figures 4 and 5. It is
noticed that the data contains inflation at two points 0 and 6.

Bor Chart of ¥ Normal Q-Q Plot of Y
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oo
39
05
— o
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Figure 5: The normal Q-Q plot of the
Number of Days Worked by 18837
Individuals of 7526 Family in Egypt in
2012 -2013

Figure 4: The Number of Days Worked by 18837
Individuals of 7526 Family in Egypt in 2012 —
2013

The observed and fitted frequency distributions based on the MLE and ME of
the EIP(¢,, @1, 4) and its sub-models are presented in Table 4.

Table 4: Observed and Fitted Frequency Distributions of the Number of Days Worked
by 18837 Individuals of 7526 Family in Egypt in 2012 - 2013.
Observed Frequency Count of days worked by an individual
0 1 2 3 4 5 6 7
8899 54 89 307 562 2039 4170 2717
MLE EIP(@,, @;,4) 8899 54 87 307 557 2039 4170 2722

ZIP(@o, A) 8899 54 89 308 563 2037 4170 2717
REIP(¢4, 1) 3269 54 89 307 562 1487 4134 177
PD(1) 906 2658 4100 4215 3251 2005 1031 454
ME  EIP(po, ¢, 1) 8896 52 87 308 563 2039 4173 2720
ZIP(@o, 1) 8899 54 89 307 562 2039 4170 2716
PD(1) 906 2658 4100 4215 3251 2005 1031 454

Point estimates with the corresponding standard errors and confidence intervals for the
parameters of EIP(¢@,, ¢1,4) and its sub-models using the data set of the number of
days worked by 18837 individuals of 7526 family in Egypt in 2012 — 2013, are
summarized in Table 5.

62



Journal of Statistical Sciences Edition No.:18, March 2023

Table 5: The Parameters Estimates and the Corresponding Standard Errors for the
Models Using the Data Set of the Number of Days Worked By 18837 Individuals of
7526 Family in Egypt in 2012 — 2013

MLE ME
Point Std. Error  Interval Point Std. Error  Interval

P 56545 0.0237 (5.6081, 5.7008) 5.0582 0.0487 (4.9627, 5.15365)

Bo 0.4711  0.0032 0.4691, 0.4773) 0.4736 0.2399 (0.00340, 0.94380)
EIP(9o, 01, A) @1 0.1632  0.0025 0.1583, 0.1681) 0.4213 0.0142 (0.39347, 0.44913)

E(Y) 3.0468 3.0597

V(Y) 10.3508 9.0274

x 57995  0.0243 (5.7519, 5.8470) 5.0101 0.0212 (4.9685, 5.0517)

o 0.47082 0.0032 (0.4646, 0.4770) 0.3893 0.0032 (0.3831, 0.3955)
ZIP(po, 1) E(Y) 3.0690 3.0597

V() 11.4487 9.0274

% 22237 0.0126 (2.1989, 2.2485) 1.0077 0.00547  (0.9970, 1.0184)

1 0.2049  0.0031 (0.1989, 0.2109) 0.5110 0.00316  (0.5048,0.5172)
REIP(0u D) £y 29975 35588

V() 4.0914 6.7203

x 3.0597 0.1275 (3.0347, 3.0846) 3.0597 0.1275 (3.0347, 3.0846)
PD(1) E(Y) 3.0597 3.0597

V({Y) 3.0597 3.0597

The estimated variance of the random variable Y~EIP(¢,, ¢4, 1) reflect the variation
of the data, which has more frequencies for some observations [namely zero counts and
six counts] than other models. The estimated variance of the random variable
Y~ZIP(¢@,, 1) reflect the variation of the data which has more frequencies for zero
counts than the other models.

Validation of the Models to the Data Set

The results of le - log-likelihood, AIC and BIC are summarized in Table 6.

Table 6: Validation of the Models to the Data Set of the Number of Days Worked by
18837 Individuals of 7526 Family in Egypt in 2012 — 2013.

Expected frequencies

MLE ME

@0t gipty, ) RER@e2) PO T g, D)
%2 0.08645 0.01021 46462 103678 0.18342 0.00295 103678
df 4 5 5 6 4 5 6
p-value 0.9991 0.9999 < 0.00001 <0.00001 0.9960 1 < 0.00001
-Log-Likelihood 30198.60 32082.10 51561.40 55939.20 34715.20 32875.60 55939.20
AIC 60403.14 64168.23 103126.80 111880.50 69436.43 65755.17 111880.50
BIC 60426.67 64183.92 103142.50 111888.30 69459.96 65770.85 111888.30

It noticed from Table 6 that EIP(¢@,, ¢, 4) provides a better fit when compare with
other models and can serve as an alternative model to the existing models. The
ZIP(¢,, 1) provides a better fit when the counts have an upper bound.

8. Conclusions

o Estimation of the parameters of EIP(¢,, ¢4, 4) and its sub-models by the method of
maximum likelihood estimators and moment estimators is considered.

o The method of maximum likelihood estimators is shown to have better estimates on
the two real data sets. The EIP(¢,, ¢1,4) is shown to have a better fitting for the
frequencies of the real data sets than the existing models.
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e The EIP(¢y, ¢1,4) can be used for molding count data with both excessive zeros and
excessive right-endpoint compared with other observations of the data that cannot
be explained by models based on standard distributional assumptions as well as extra
variation.

e The PD(A) cannot deal with the proportion for incorporating extra zeros, ¢, and
extra right-endpoint, ¢,, while ZIP(¢y,4) and REIP(¢,,4) deal only with the
proportion for incorporating extra zeros ¢, or extra right-endpoint ¢, ,respectively,
which is greater than expected for the PD(Q), so, ZIP(¢,, 4) and REIP(¢;,1) may
give better estimates for molding count data with only an upper bound.

APPENDIX

APPENDIX A

The elements of the Hessian matrix of the ML estimators of the EIP(¢,, ¢1,1), are
obtained by taking the second derivatives of the natural logarithm of the likelihood
function, {’(Q) in (14) with respect to the unknown parameters, 8 = (g, @1, 1),

The elements of the Hessian matrix of the ML estimators of the EIP(¢,, ¢1,1), are
obtained by taking the second derivatives of the natural logarithm of the likelihood
function, {’(Q) in (14) with respect to the unknown parameters, 8 = (g, @1, 1),

The partial derivative of (15) with respect to ¢ is given by:

azf A 2 (e—)-/’{m)z
6 —(1—e" ] 1
PoPo = (E) = ( _2 1o — e L ——L. (A1)
99, (0o + p2e7%) e~Apm @2
P1 + (%) m!
The partial derivative of (16) with respect to ¢ is given by:
1 e=Apm\?
0%¢(9) e 2 T Tml 1
0101 = 2 2 210_ 211——212 (A.2)
99, (@0 + @2e7%) e=A)m P2
(‘pl + (%) m! )

The partial derivative of (17) with respect to A is given by:

_0%(0)  goppet
MT0AT T (@, + pre 20

e m A et A e AT AR AT _
Pa\Pr€ Mer—1~ %2 R G VI s VI ny
= I Tl (A.3)

—llm 2
((01 + 92 ET)
The partial derivative of (15) with respect to ¢, is equal to the partial derivative of
(16) with respect to ¢, and is given by

-Am -Am
e A(l_e A)

2%¢(6 2%¢(0 et(1—-e* T T 1
](p @ :](p 7 (_) = (_) = ( _ ) I, + i i 2 L ——1. (A.4)
o1 W0 9pedey 09109, (P, + preH)? e-Am (%
(<P1 + 2 T)
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The partial derivative of (15) with respect to A is equal to the partial derivative of (17)
with respect to ¢, and is given by

-1 /-{m /1711—1
Joo=] _0*e(6) _0%¢(8)  et1-g)  #€ (W‘(m—l)!)l
®ok TIA00 T 901~ 010@, (@, + peA)2 ° eigm? v
Pr+ Q2

(A.5)

The partial derivative of (16) with respect to 1 is equal the partial derivative of (17)
with respect to ¢, and is given by

2 Am /1m71
) o) et e (G mo) Ny
Jou =Ja0: = 5451 = M09, ~ (py +@e 0 ( cim?  h (4.8)
<P1+<PzT)
APPENDIX B

The elements of the Fisher information matrix of the ML estimators of

the EIP(¢p,, ¢4, 4), are obtained by taking the negative expectation of the Hessian
matrix as follows:

Note that:

E(l,) =Py =0) = @, + ¢e7%,

—/llm
E(L) =Py =m) =01+ ¢, ——
and
e
E(LL) = ¢, v
The expectation of (A.1) can be obtained as follows:
a22(0)y (1-e )’ (e,;—?m)z 1 e

The expectation of (A.2) can be obtained as follows:

1 e~ am\’

K, ——g(LlQ)_* U TTmr) 1 Z e w B.2

01 301 ) o + @7 e A o, o) 8P
¢1t+ @, m y#0,m

The expectation of (A.3) can be obtained as follows:
02%¢(0 — e?
Ky = —E (0)\  —9,9,
dA 2

Qo+ @y
Am—z /']'Zm—z Am—l Am—Z Am
-2 _ 21 _ -A_r -A_r -4
P2 (wle M= P26 Mo 208 Gy P18 Gmm 1 T #1e m!) ny
- o A)m tw (B3
Q1+ P27

The expectation of (A.4) can be obtained as follows:

Koo, = Ko = B (o)) = - (T 1))

0909, 09,09,
e~ Am 1 e~ Am
e *1-—e* T ( - [ ) 1 e Y
_ X 7)_ ml _l +_Z ' B.4)
@, + @t e am g, !
Y1+ Q2 y#om

The expectation of (A.5) can be obtained as follows:
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e __p (@) _ (%)
9o = Moo T T\ gpar ) T\ 02dg,

-2 Am Am—l
_—e*1-g)  $° (m T m— 1)!) .
= o+ oy + o-im . (B.5)
P1t P

The expectation of (A.6) can be obtained as follows:

-1 /-{m Am—l
N N L O N T ot coul 7 b 3V,
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APPENDIX C
The elements of |K(Q)| in (30), which is the determinant of the Fisher information
matrix K(Q), can be obtained as follows:

(B.6)

Ktpowo K‘Po‘Pl Kqﬂo/l
|K(9)| fﬂ1<ﬂ0 K<P1<P1 K‘PM
Kipy  Kip, K
quoqoo[ P11 Ky — K<p1/1 K/1<p1] <po<p1[ <P1<P0 K</J1/1 KMJo]
oﬂ[ P190 KMP1 - K(P1(P1 Kﬂ(ﬂo] ’ (C.1)

The elements of adj K(Q) in (31), which is the adjoint of the Fisher information matrix
K(Q), can be obtained as follows:

K, K, K, K, K, K,

Y101 @11 ®190 P11 P190 Q191
Kip,  Kia Krpo  Kia Krpo  Kig, \|
cof K(Q) | = Iig’o(ﬂl Iiz’o}t Ijépo‘l’o I;Pol| _ I;épdpo I;épo‘l’l
Apq AL Apo AL Ao Apq
Koopr Koor|  |Koopo Koor |K<po<po Kpop
K<P1<P1 K‘PM K<P1<Po K<P1/1 K(ﬂ1<ﬂo K(P1(P1
K<p1<p1 K K«pll KMH (Ktp1<po K«M K/hpo) K«ntpo KMM - K¢1<p1 KMJU
( PR Kpoa KA%) Koo00 KM Kp,1 Kag, _(Ktpatpa Krpr = Kooy Klwo) (C.2)
Koo, K(oll LOWR O _(K‘PO‘PO Kpia = Kpoa tplwo) Kpopo Kp1o: ~ Koops Kopi0o
The transpose of (C.2) can be obtained as follows:
adj K(6) =
Lo KM K«JM Kip, _(K<pa<p1 Kin = Kgoa Klrpl) Kpops Kpia = Koo Koy,
( 0190 K LOW! Klq)o) Kpopo Kir = Kpoa Kig, _(Ktpatpa Ko =Koy K¢1<po) ()
Kp100 KMn Kp.0, Kigo _(K%% Kipr — Koo, Kltpo) Kpopo Kpror — K¢u<p1 Kp100

By substituting (C.1) and (C.3) in (32), the elements of the variance-covariance matrix
can be obtained as follows:

K®o%o =

K(p1(p1 Kﬂl K(,(JML KA(IH
K,

wnwn[le«h Kn—Kp.a K/wl] - wawl[ 9100 K1 = Kp.2 Klwu] + Ktpal[ 0100 Kap1 = Koo, K/lwo]
K®%1¥1 =
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K(p,,(p,, Kll - K(,(’a}L KA(Po
Ktpntpn[Ktplwl Kn = Kp.a K/wl] - Kwawl[lewo K — Kooz Kﬂwu] + KwaA[lewo Kipr = Koo, K/lwo]

K/l/l —

Koo Kor01 ~ Koop: Ko10,
K,

‘Pa‘Po[K‘/H‘Pl Kn =Koz KA%] = Koo, [K¢1<ﬂo K — Kooz K/1<po] + Kwol[K%tﬂo Kip, —Kpi, Klfpo]
K®Po®1 = KP1Po =

_(Kwow1 Kn = Koo Kﬂtpl)
Ktpntpn[Ktplwl Kn = Kp.a K/wl] - Kwawl[lewo K= Kooz Kﬂwu] + KwaA[lewo Kipr = Koo, K/lwo]
K?oﬂ- — KA(/)O —

Koop1 K12 = Kopor Ko g,
Ktpotpo[Ktp1<p1 Kn = Kpia Kflth] - K<po<p1[K<p1tﬂo K — Kooz K/1<po] + Kwol[K%tﬂo Kapr = Koo, KMJU]

K®?14 = KA91 =
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Abstract

This paper is concerned with the Topp-Leone compound Pareto Type ll-gamma
distribution [TL-CPIIG (8, a, B, c)] with its mathematical forms of reliability
function (rf), hazard rate function h(x), reversed hazard function (rhf),
cumulative hazard function Hyp(x), the approximate mean and variance,
mode, quantile, median and order statistics are obtained. The maximum
likelihood method is used to estimate the parameters numerically. Simulation
is used to represent the performance of the suggested distribution; empirical
results of new model are applied by modeling two real data sets of this study.
Keywords: Topp-Leone compound Pareto Type lI-gamma distribution; reliability
function; hazard rate function; reversed hazard function; cumulative hazard
function; the approximate mean and variance; mode; quartile; median; order
statistics; maximum likelihood estimation; Monte Carlo simulations.

1. Introduction

This paper deals with a very important subject in nowadays, with numerous
compounds or contagious phenomena, which can’t be explained as simple
events. Many authors studied the Topp-Leone (TL) distribution and its
applications. The (TL) distribution is one of the continuous distributions that is
attractive as a generator. This distribution was proposed by Topp and Leone
(1955). It provides closed forms of the cumulative distribution function (cdf)
and probability density function (pdf). According to the number of parameters,
the estimation part for the TL distribution is not complicated. However, the TL
distribution had not received much attention until Nadarajah and Kotz (2003)
discovered it. In addition, they studied some properties of the TL distribution
and provided its moments, central moments and characteristic function.
Recently, applying new generators for continuous distributions became more
interesting. This methodology can improve the goodness of fit and determine
tail properties and let the new distribution more flexible to model real data.
These features have been established by the results of many generators such as
beta distribution, generalized Kumaraswamy distribution, generalized beta
distribution and the exponentiated family of distributions [See Eugene et al.
(2002), Jones (2004), Cordeiro and de Castro (2011), Alexander et al. (2012), AL-
Hussaini and Ahsanullah (2015)].
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On the other hand, compound distributions gained their importance from the
fact that factors have compound effects, as in medical, biological and social
experiments which make it very difficult to represent these phenomena by
simple distributions. These generalized distributions give more flexibility by
adding new parameter to the baseline model and they useful in obtaining
general results that could be applied to special cases to obtain new results.

For the conditional distribution X of the Pareto distribution, given the
parameters a and c, the pdfis given by:

f(xla,c) = acd(x+c)"@1D, x>0, (ac>0) (1)

where a has gamma distribution, with parameters a and B, and pdf'is given by

04

I'(a)

The cdf of the random variable X is given by

F(X)=1—B°‘<B—ln( )>_ x>0, (oBc=0). (3)

f(a) = a% lePRa a>0, (a,p>0) (2)

X+cC
This is the cdf of the CPIIG(q, B, c) distribution.

The pdf of the compound distribution is given by

C

—(a+1)
f(x) = af*(x+ )7t (B —1In (E)) , x=0, (o,Bc=0) (4
[See Youssef (2006)].

This paper organized as follows: In Section 2 Topp-Leone compound Pareto
Type ll-gamma distribution, reliability function (rf), hazard rate function h(x),
reversed hazard function (rhf) and cumulative hazard function Hyp(x) are
obtained. The approximate mean and variance, also some properties of the
distribution are contained in Section 3. Some special cases of the distribution
are obtained in Section 4. In Section 5 some related distributions are obtained.
Estimation of the parameters of Topp-Leone compound Pareto Type ll-gamma
(6, a, B, c) distribution using maximum likelihood method is obtained in Section
6. Finally, numerical study is introduced and concluding remarks are presented
to illustrate the theoretical results derived for ML estimation in Section 7.
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2. The Topp-Leone compound Pareto Type ll-gamma (6, a, B, c)

distribution.
The Topp-Leone compound Pareto Type Ill-gamma distribution with
parameters 6, a, B and c, which will be refer as TL-CPIIG (8, a, 6, c), can
be derived.
If a random variable X is distributed as the (TL) and bounded on [0, 1].
Let X be a continuous random variable with (cdf) G(x). The (TLG)
distribution has (cdf) written by

Fre® = (6(0)° 2-6x)°,  0<x<w, 08>0 (5
By differentiating, the corresponding (pdf) is

fric(0) = 20 g((1 - GE)(GX)" "2 - G()PL, 0<x <, 8 >0 )
Where g(x) = dG(X) and 0 is a shape parameter.

By combining (3) (4) into (5), (6) hence the pdf and cdf of the TL-CPIIG

(6, o, B, ©) are given, respectively, as follows:
0

—2a
Fri_cp(x) = (1 - p* (B —In (X i C)) ) , x=20,  (6,0,B,c=20) )

brer 0 = 2002+ 0 (= 1n () " (1- (- () ) x2 0,
6,a,B,c=0), (8

Where (6, a, B) are shape parameters and c is a scale parameter.

For real value of 8, using following series representation of Prudnikov et al
(1986):

(1+x° = '(?(lerief D 2(1)1 ( )x’ [See Abbas et al (2017)].

The cdf of TL-CPIIG (8, a, B c) distribution given in (7) is expressed as infinite
sum given as follows

—2a\ @ —2aj
Dre+1
Fri_cp(®) = (1 - B> (B —1In (X :_ C)> > Z (l [‘()9 +( lt ])) peed (B In (x-f— c)) ©

A density function of (8) TL-CPIIG (9 a, B, ¢) distribution can be written as
follows:

—-2a(j+1)-1

—1)i2a0I(0 )
fr—cp(X) = Z% Bza(]+1)(x+ ot (B - ln( < )) (10)

X+ cC
j=0
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The pdf of TL-CPIIG density function for (6, a, B, c) can represent in figure 1.

X

Figure 1: Probability density function for the TL-CPIIG distribution for different
parameter values
(A) (06 =5, a =044, p=0.11, c = 0.43)
(B) (6 = 1.37, a = 4.5, B = 1.45, c = 4.43)
(C)O®=172, a=9, B=24, c=65)
From Figure 1, it is noticed that the pdf curve is right skewed in (A, B).
While, the pdf curve is oblate flat kurtosis in (C).
The (rf) of the TL-CPIIG (6, a, B, ¢) is given by:
[¢]

Rypcp(0) =1—Fp_op() =1— <1 — e (s ~In (L))_ a) X 20,(8,a,B,c>0) (11)

X+c

The (hrf) of the TL-CPIIG (6, a, B, ¢) is given by

fri_cp(X)
1=Fro_cp(® o1

ZG(XBZO‘(X +0o)t (B —1n (X _(;_ C))—(2a+1) (1 _ BZa (B —In (X—:_C))_za>

- (1pe(pmse) )

x =0, ®,a,B,c=0) (12)

hTL—CP(X) =

The (hrf) of the TL-CPIIG for different parameter values in presented in figure2
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X

Figure 2: The hazard of the TL-CPIIG distribution for different parameter
values

(A)(6 =4, a=0.54, =08, c=0.5)

(B)(0=2 a=3, =16 c=5)

(C©®=18 a=75 B=26, c=28)
From Figure 2, it is notice that the (hrf) curve is monotonic increasing.
The (rhrf) of RT TL-CPIIG (0, o, B, c) is given by:

rcp() _ 20086+~ (B-In())
Fr—cp(®) <1—32°‘(B—1n(x%c))_2a> ’
0, (6,0,B,c=0) (13)
The (Hyp, (%)) of the TL-CPIIG (6, a, B, ) is
—2a 6
e Hppcp(®) =—In(1 - Fr_p(x)) =1In <1 — B2« (B —In (L)) ) )

X+cC

x =0, (8,,8,c=0), (14)

(2a+1)

e rhy_cp(x) =

3. Some Properties of the Distribution
In this section some important and useful statistical characteristics of the
proposed distribution is derived.
o The approximate Mean and Variance:
The r th moment about zero of the random variable x can be obtained as
follows:

u. = Ex") = fooxrf(x) dx
o —(2a+1) —2a) 01
= 20aB2% [T (x + o)t (s —In (X—ic)) (1 _ g (B ~In (i)) > dx  (15)

It is difficult to find it in a closed form but the approximate mean and variance
of the TL-CPIIG (6, a, B, c) distribution can be obtained as follows:
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If y is a random variable distributed as an exponential distribution with
parameter 6 [Y~Exp(0)] withpn = E(y) = ( ) and 6? = Var(y) = eiz’ then

the variable T = g(y) = c(e_B(l_(1 ) 2“) - 1) ~TL — CPIIG (8, o, B, c). This relation

will be used to find the approximate mean and variance of TL —
CPIIG (8, o, B, ). The approximate mean and variance of g(y), based on the
method of statistical differentials [See El-Sayad (1993)], are given by:

1 ..,
E(g(Y)) =g(w + Eczg (W (15a)
and

Var(g(Y)) = o?(g' (W) (15b)

The function of s given by:
g = ¢ (e‘“@‘“‘e'“m) - 1) (150)

The first and second derivatives are given by:

g/ = —;—iu - e—“)‘(ﬁ“)e_<”+ﬁ(1_(1_e_u)_ﬁ)>, (15d)

By substituting (11c) and (11e) in (11a) we obtain
E(g(M) = C<e (1 -e 2“) — 1) b ~(1—e™)” (ot 2),” <2u+B(1—(1—e-u)‘ﬁ)>

x [eu n i(1 —B(l—e)" )] (16)
and by substituting (15d) in (15b) we obtain
c2p2 —2<u+[3 1-(1-e ™) 2a )
Var(g(Y) ) = B (1 — ey 2z e ( ) 17)

e The mode:

The mode of the TL-CPIIG (0, a, B, c) distribution (8) can be obtained by
differentiating the pdf with respect to x and equating the resulting equation to
zero as fr_cp(x) = 0 as follows:
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fr-—cp(x) = 26ap** [2(1[32“(9

c —(4a-2) c —2a
- 1)(X+C)_2 (B—ln (X+C)> (1 - BZa (B_ln(x+c)> )
-(2a-2)

~ Qat+ D(x+0)? (B ~In (Xic)> - (1

—2ay 6-1
_B2a<8—ln(xic)> )

c —(2a-1) c —200 0-1
T () M (T (RS

=0
Frcp() = 200G+ )2 (B = In (L))_(ZH) <_B2a (p=1m (L))_N)

X+cC

0-1

Fru-cp() = 208~ 1) (B~ n (L))_(m_n (1 - (p-n (L))_m)_

X+cC X+cC

—Qa+1) (3 —In (i)) —1=0 (18)
It is difficult to find it in a closed form.

e Quantile:
The quantile of the TL-CPIIG (8, a, B, c) distribution can be obtained by putting

FrL—cp(X) = q to obtain the quantile as follows:
0

) —2a
Fro—cp(x) = J fro—cp(®) dx = (1 - B <B —In (X j— C)> ) -
0

Which yields:

e )
)

The median is obtained at q = %as follows:

/ —13(1— 1—2‘% _ﬁ> \
1= cle (-27) -1, (20)

S /

e Order statistics

Let Xy,X5,...,X, be i.i.d random variables from the TL-CPIIG (6, a, B, c)
distribution. Let Y, denotes the i order statistic of Y1), Y2)s -5 Yen)-

(19)
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It is well known that, from the pdf of the i™ order statistic y; of a random sample
of size n drawn from a population with pdf f(y) and cdf F(y) is given by

n . .
fry @) = 1 () EOIFy I [1 = Fy @)™, 1)
By substituting f(y), F(y), given by (8) and (7) after replacing y by y; we obtain

—a+1) —2q\ 81
0= (o (1) (- (o) )
PPN i-1 201 © n-i
X [(1—32a<3—1n(ﬁ)> ) ] Il —(1— BZ“(B_ln(y_:c)> ) } ,0<y<oo

—-(2a+1) —2q\ B1-1
fuo @) = i(}) 200B2(y + ! (B (o C)) <1 - e (B (o C)) )
Z2an © n—i
Xll_<1_ﬁm<g_m(ﬁ)> )] , 0<y<o (22)

Special cases:
(i) 1fin(22),i=n, we obtain the pdf of the last order statistic, Y,y = max {Y(]-)},

1<asn

which is given by:

6n-1

—(2a+1) —2a
fy, ) = 2n0aB?*(y+ o)™t ([3 —In (L)> (1 — B2 (B —In (L)> > 0<y<oo, (23)

y+c y+c.

If i = 1in (22), we obtain the pdf of the first order statistic,Y(;) = min {Y(},

<asn
which is given by:

-(2a+1) —2a

o=z (p-n())  (1-en(o-n) )
—2a 6 n-1

xl1—<1_32a<ﬁ—ln(ﬁ)> )‘ ,0 <y <o, (24)

(i) The joint density of Y(;) and Y(j) can be obtained by substituting (7) and (8)
in the joint density function of Y and Y5 (1 <i <j < n)is given by:

fyg vy (xY) = W—‘n'(n—])' ) fFE] [1 = F@ITIF(y) - FP,

—o < x<y<ow (25)

[See Arnold, BalKrishnan and Nagaraja (1992)].

4n!
fY(i),Y(i)(X' y) = Gi-D'G- in_ Ditn—j)! B2a2p*(x+ ) My + o)t <B

c -(a+1)
~ln (x + c)>
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-(2a+1)
x <s ~In (ﬁ)) <1 e (s -
—2a\ 01 -2a
In (m)) ) <1 _ pe (B T (yT)> )

[ T et ]

i-1

K ) I (R @ig)“)T‘

, 0< x<y<om
— 4n! 2..2n4a -1
fY(i)’Y(D (X, Y) - (i—D!G=i—D!(n-j)! 0%a B (X + C) (y +

O (A) 4 (a)) TP
x (1-p(a60) ) (1-p2(a) ) [ (1 - p(ac0) )]

% [1 - (1 - Bza(A(Y))_m)e]n_j [ (1 - Bza(A(Y))_m)e - (1 - BZ&(A(X))_Zu)e]j_i_l
0<x<y<oo (26)
where

AR) = (B ~n i C)) and A(y) = (B —In (y i C)) 27)

Then, wheni =1, j = n, we obtain, the joint pdf of Y(y), Yoy
fy ey Yo (0 ¥) = n(n = 1) f(x) f(y)[F(y) — FGOI" 2, 0<x<y<w
= 4n(n — 1)B2a2B*(x + )1 (y + 0" (A®) " (AW))
PPN PPN
x (1= B(a00) ) (1-pe(am) )

X [(1 - BZ“(A(y))_Za)e - (1 - BZ“(A(X))_ZQ)G]H_Z ,0< x<y<oo, (28)

6-1

i-1

-(2a+1)

4. Special cases of Topp-Leone compound Pareto Type ll-gamma (6, a,
B, c) distribution

Some special cases of the distribution can be obtained by putting one or more

of the parameters equal to specific values. The following are some of the special

cases of the distribution.

1- For 6 =1, we get the TL-CPIIG (B8, a, B, c) distribution with three
parameters. Then, the pdf can be obtained as:

frcr() = 208G+ 0 (B (). x20, @hez0).  (29)

X+cC
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2- For a=1, weget,

Fri-cp(9) = 20B2(x + )1 (B ~In(;

x>0, (6,g,c=0). (30)
3- Forf =1, we get,

fro—cp(x) = 26a(x+c)? (1 —In (X s

4- Forc=1, we get,

NG

frocp() = 2080B“(x + D! <B —In (x + 1))
X = 0, (9,“,62 O)v

5- For8=1,a=1

fri-cp(®) = 287 (x+ )7 (B - ln(

6- For0=1,p=1

(32)

=)
c )>'

fro—cp(x) = 2alx+c)7t (1 —1In (x s

7- For6=1,c=1

Fru-cp(x) = 2a62%(x + 1)1 (B ~in(

8 Fora=1, =1

: )>_(2a+1) (1 - (1 —n(

x+1

0-1

2))

X+ C
x>0, (6,a,c=>0), (31)

Qa+1) 1
(1 — g (B ~In (X

-1

))

+1

x>0, B,c=0), (33)

(2a+1)

x>0, (q,c=0), (34

-(2a+1)
)) , x>0, (@B=0), (35)

6-1

frpcp(x) = 20(x + ©)~! (1 —-In (ﬁ))_3 (1 - (1 —In (L))_2> , x>0, (6,c=0), (36)

9- Fora=1,c=1

L)

x+1
1 >>—(Zo(+

fri-cp(x) = 20B*(x + 1! (B ~in(

10- ForB=1,c=1

_ “1(4 _
fr_cp () = 20a(x+ 1) (1 In (X —

11- For8=1,a=1,=1
fryep () = 2(x + )71 <1 ~In i C)>_3,
12- For0=1,a=1,c=1

fri-cp () = 2B2(x + 1) (s ~In

x+1

1 -3
) ) x>0,

1 )>‘2>9_1,

x+1
x>0, (6,=0), (37)
)

(c=0),

_oqy 61

1) 1
1—-(1-1
( ( n(X+1

x>0, (6,a=0), (38)

(39

(B=0), (40)
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13- For a=1,=1,c=1

3 _a\6-1
frp_cp(x) = 20(x + 1)~ (1 —In (ﬁ)) (1 - (1 —In (;11)) ) x>0, (6=0). (41)
14- For 6=1,8=1,c=1

—(2a+1)
oy ep(x) = 2a(x + 1)~ (1 —In (Xi—l)) . x20, (az0), 42)
15- For 6=1, a=1,8=1,c=1
-3
e =26+ D7 (1-1n(2)) T, x=20, B=0.  (43)

5. Some Related Distributions

It can be shown that the TL-CPIIG (6, a, B, c) distribution is related with variable
transformations to a wide range of well-known distributions such as TL-F, TL-
Weibull (TL- exponential, exponential, TL-Rayleigh, Rayleigh), beta Type |
(uniform), TL- beta Type Il, TL- Pareto Type |, TL- Gompertz, TL-generalized
logistic Type I, TL- extreme value, TL- Burr Type lll, TL- compound Gompertz, TL-
generalized uniform, TL- log beta Type |, TL- double truncated log beta Type II,
TL- left truncated log beta Type | distributions. Table (1) summarizes the
transformations from TL-CPIIG (6, a, B, c) to other distributions. The proof in
each case is straightforward.
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Table (1) summarizes the above transformations applied to the TL-CPIIG (6, a,

B, c).

Table (1): Summary of Transformations Applied to the
TL-CPIIG (6, a, B, c) Distribution and Resulting Distribution.

Special cases

Whend =1

When®=d=1

Whend =2

When
O=1landd=2

TL- exponential
(6, @)
TL- exponential
(o)
TL- Rayleigh
(6, @)
TL- Rayleigh (a)

200e~2%2 (1 _ e—2ayz)9—1
207292
4aBy,e 22" (1 — e~22")

4ay, 292"

6-1

Transformation Distribution Pdf Range
200 yp\~@a+D) yy-2a\ 071 y1 20,
() L-FOap | 5 1% (1‘(1‘E) ) 8,28 >0)
X+c
Special cases y1 20,(a,p=0)
When 6 = 1 F (o B) 2a yp\~ @D y1 20,(x=0)
When8 =8 =1 f(l‘g)
F (o) 2a(1 — yl)—(2a+1)
6-1
Vi d-1,-2ay,? _ p—2ay,? Y2 2 0,
1 c TL- Weibull 2abdy,™"e (1 € ) 6,a,d > 0)
n|{1 In
B X+c (6, a,d)

y, =0,(8,a=0)
y2 =20, (ax=0)
y, =0,(86,a=0)
y, 20,(@=0)

@_%m&igyl

beta Type | (2, 6) 2a0y52%71(1 — y;2%)0t 0<y;<1,
(6, =0)
Special cases 0<y; <1,
When 6 = 1 beta Type | (2a, 1) 2ay42%t (a=0)
When6 =1 uniform (0,1) 1 0<y; <1,
1 1
anda =~ (a = E)
—lln( =) TL-betaTypell | 2aB(1 +y,) (1 = (1 +y,) 729 y4>0,
B \X7ec (2a,8) (0,0 > 0)
1 c TL- Pareto Type | 200y~ @t (1 — y ~20)8-1 ys>1,
1—Eln (X+c) 6, (6, =0)
B TL- Gompertz 2aafe=20(ee-D+aye Y6 =0,
1 c R o
In [1 +1n (1 - Eln (ﬁ))] (6,0,a) x (1 — e~2(ee-1) 1 (6,a,a=0)
c W\t TL-generalized 2a0e7Y7(1 — e7¥7)~(a+1) ,—0 <y; <o
In B(l“ (X ¥ C)) logistic Type | X (1—(1—e™¥7)72%)0-1 6,a=0)
(8,a)
oo TL- extreme value =26 aye_ gy, —2a, oys)\ 071
In [m (1 i (L)) ] (8,0) Zabe o (1 Te’ ) s 20,(6,a=0)
B X+c.

TL- Burr Type llI
(6,a)

—Qa+1)

y
26 (1 —E")

y9>0,(8,a=0)

TL- compound
Gompertz (6, o, 8)

Y1020,
®,a,p=0)
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1 1 a7t T -generalized 200B(1 — By;,) @D Vi =0,
B 1-|1- Eln (m) uniform (8, a, B) x (1= (1 — Byyq)2%)01 6,0,8>0)
¢ TL- log beta Type | 200 In( =(2a+1) 0<y;<1
V12) 12 ,
X+ec (6,0, B) & O 1<1—T12> (6,08 = 0)
_oa 0-1
«(1- (1 _ 1“(}’12)) 2
B
X+c TL- double 200 In( (2a+1) 1<yz<o
V13) 13 )
c truncated log beta l3 (y13)™* <1 + 513 ) 6,0, = 0)
Type 11 (6, ,, B) ) a8
n
x(1- (1 +13) )
B
1 TL- left truncated 200 In(c -Qa+1) 1
V14) -
X+c log beta Type | — 0’14) < —4> 0<y; < p
(6,a,B) s 01 (6,0, =0)
ln(C}’u))_
X|11—-(1-
(-(-"F

6. Parameter Estimation

The maximum likelihood method is used for estimating the parameters of TL-
CPIG (6, a,B, c).

Let X = (X4,X3, ..., Xn) bei.i.d random sample having pdf of (8), and then the
likelihood function is given by:

o=z (1-p o)) )

i=1

[](6s 0 p-m52) )

The natural logarithm of the likelihood function is:

£ =InL(X) = n(In2 + In6 + Ina + 2adnp) + (6 — 1)zn: (1 g (B ~In (X i C))_M)

Z(X‘ +0) — Qat 1)2 ( (xl + c)) (45

leferentlatlng (45) partially W|th respect to the parameters (6, a, B, c) and
equating the resulting derivatives to zero, we get the following maximum

likelihood equations:
-2a
V) e

ot Slorbnles
6_{’ -1 + 2nInf — 2In(B —In ¢ + 20~ Vin (BMH (B —In (Xi i’ C))_Za_l)
oo« B (5 (xi + c)) (BZ“ (B T (X ¢ ));za) ., )

sat0- (g5 (pn(-) )( ( () () )

ﬂ — 2na 2041 =0, (4—8)

B B B-m(X; ) <B >

=0, (47)
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a¢
dc
= —(Xi + C)_l

[20([3 (62"‘_1 (B —1In (ﬁ))l_za) (x; + )(c(x + )% — (x; + c)_l)]

| con ) (e -n 5 ) -1)

_ et Do+ Ilet + 97— G+ (49)
¢(B-1n(357))

In Section (6), we can obtain the estimates of unknown parameters by setting
the last equations equal zero, but solving these equations simultaneously to get
the unknown parameters (é, o, TS, €) in explicit form is mathematically
complicated, so these estimates will be obtained numerically.

According to the invariance property of ML estimation, the MLE of any
function §(9) of O is the function §(9) of the MLE § of 9. Since the
equations (46-49) cannot closed form solution, they solved numerical
simultaneously. So, the MLE's of the r(x), h(x), (rhf) and Hyy(x) are
obtained by replacing the parameters 6, a, B and c (11), (12), (13) and
(14) by the corresponding MLE's. Hence, for given value of x, the MLE
of r(x) is given by:

-(6-1

~\ 0
N —2a
/RTL—CP(X) =1- (1 - BZ& (B —In (X -(I:- e)) > ) x =0, (50)

for given value of x, the MLE of h(x) is given by

ETL—CP(X) =

x =0, (51)

for given value of x, the MLE of rh(x) is given by:

—(2a+1)

260§+ 9~ (B~ In ()
(1 —pea (fg —In (%))40()

and for given value of x, the MLE of Hpy (%) is given by:

rhyy_cp(x) = x >0, (52)
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o\ —2@\ 0
i _cp(¥) = In (1—(32& (B-m(%)) ) . x>0, (53)

X+C

where 0, @, B and ¢ are the MLE of 6, a, B and c.

7. Simulation Study

In this section, a simulation is conducted to illustrate the performance of the
presented ML estimates of the parameters based on complete samples.
Moreover, confidence intervals (Cls) of the parameters. lllustrating is obtained
results using Mathcad (14).

The steps of the procedure are as follows:

For a given vector 9 = (6, o, 3, ¢), generate random samples of sizes (n = 30,
50, 100 and 150) from the TL-CPIIG (B, a, B, c), using the following equation:

1\2a
1—(1—u9)

o))
X=c (e —1 | ~TL—CPIIG (6, a, B, ¢). [See Niyogi (2003)].

Obtain numerically the MLE of 6, a, B and c by solving the equations
(46), (47), (48) and (49).

The number of repetitions is m = 1000.

Evaluate the performance of the estimates. To study the precision and
variation of the estimates using the mean square error(MSE) = (Bias?) +
variance.

The estimates, bias (Bias), variance (Var), mean square error (MSE), interval
estimation, upper, lower and length of the ML estimates where x = 2 are
calculated. The computational results are displayed in following table (2),
the initial values are (6 = 0.06, « = 0.6, B = 0.03,c = 0.4).

Table (2) shows the ML of the estimates (ML), biases (Bias?), variance (Var),
mean squared errors (MSEs), and interval estimation, upper, lower and length
of the ML estimates of the parameters for each sample size.

Table (2): ML, Var, Bias, MSE and 95% confidence intervals of the MLE's of the

TL-CPIIG (B, a, B, c) for Different Sample Sizes n, Repetitions m =1000 and
Initial values (6 = 0.06, « = 0.6, = 0.03,c = 0.4)

. Cls
N Parameters ML Var Bias MSE length
U L
6 2.147 0.198 0.417 0.220 3.020 1.274 1.746
30 o4 5.678 0.487 0.178 0.518 7.045 4311 2.734
B 0.120 0.001 0.020 0.002 0.192 0.048 0.144
C 2.296 0.128 -0.204 0.170 2.998 1.595 1.403
0 2.166 0.092 0.166 0.120 2.762 1.57 1.192
50 a 5.516 0.931 0.016 0.932 7.408 3.624 3.784
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0.116 0.001 0.016 0.001 0.181 0.051 0.130
2.119 0.102 -0.318 0.247 2.745 1.493 1.252

B 0.100 0.001 0.000 0.001 0.161 0.040 0.121
c 2.465 0.197 -0.004 0.198 3.335 1.596 1.739
0 2.030 0.033 0.030 0.034 2.386 1.674 0.712
100 o 4.911 0.200 -0.589 0.547 5.787 4.035 1.752
B 0.096 0.000 -0.004 0.000 0.130 0.062 0.067
c 2.283 0.083 -0.217 0.130 2.847 1.720 1.127
0 1.962 0.051 -0.038 0.052 2.403 1.521 0.882
150 [od 5.022 0.498 -0.478 0.727 6.406 3.638 2.768
§
c

From table (2) it is noticed that as the sample size is increased the MSE is
decreased and estimates are close to their actual values with small enough MSE.

8. Applications

In this section, we provide the application with real data sets to assess the
flexibility of TL-CPIIG (6, a, B, c) distribution.

We consider the criteria as AIC (Akaike information criterion), AICC (Akaike
Information Corrected Criterion) and BIC (Bayesian Information Criterion), CAIC
(Corrected Akaike Information Criterion) [See Hurvich and Tsai (1994)]. The
better distribution is the one with the smallest values of the previous criteria, in
the following, we considered two data sets:

Data Set 1

The first data set that represent 40 patients suffering from blood cancer
(Leukemia) from one ministry of health hospital in Saudi Arabia. The ordered
lifetime (in years) given as follows:

0.00315, 0.00496, 0.00616, 0.01145, 0.01208, 0.01263, 0.01414, 0.02025, 0.02036,
0.02162, 0.02211, 0.02370, 0.02532, 0.02693, 0.02805, 0.02910, 0.02912, 0.03192,
0.03263, 0.03348, 0.03348, 0.03427, 0.03499, 0.03534, 0.03767, 0.03751, 0.03858,
0.03986, 0.04049, 0.04244, 0.04323, 0.04381, 0.04392, 0.04397, 0.04647, 0.04753,
0.04929, 0.04973, 0.04381, 0.05074.

[See Atallah, Mahmoud, and Al-Zahrani (2014)].

Data Set 2
This data set consists of the waiting times (in seconds) percent, between 65
successive eruptions of the Kiama Blowhole. These values were record with the
aid of digital watch on 12 July 1998 by Jim Irish and has been reference, the
actual data are:
0.83,0.51,0.87, 0.60, 0.28, 0.95, 0.08, 0.27, 0.15, 0.10, 0.18, 0.16, 0.29, 0.54, 0.91, 0.08,
0.17,0.55,0.10, 0.35,0.47,0.77,0.36,0.17, 0.21, 0.36, 0.18, 0.40, 0.10, 0.07, 0.34, 0.27,
0.28,0.56, 0.08, 0.25, 0.68, 1.46, 0.89, 0.18, 0.73, 0.69, 0.09, 0.37, 0.10, 0.82, 0.29, 0.08,
0.60,0.61,0.61, 0.18, 1.69, 0.25, 0.08, 0.26, 0.11, 0.83,0.11, 0.42,0.17,0.12, 0.14, 0.09,
0.12
[See Pinho, Cordeiro and Nobre (2015) and Al-Saiary and Bakoban (2020)].
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Figure 3: Plots of the Goodness of Fit of TL-CPIIG (8, a, B, c) distribution using
data set 1 and set 2.

Figure 3 shows that: at different values of the parameters, the curves of the
fitted CDF represent monotone increasing functions in set 1for Leukemia data
while, the curve of set 2for the waiting times data is monotone increasing

functions then constant at x = 1.

Table (3): Statistics, 95% Confidence Interval of the Difference of the data sets,
Akaike Information Criterion, Akaike Information Corrected Criterion, Bayesian

Information Criterion and Repetitions m =1, Goodness of fit

Data Set 1 Set 2
N 40 65

Mean 0.0312 0.3940
Mode 0.0335 0.0800
Minimum 0.0032 0.0700
Maximum 0.0508 1.6900
Range 0.0476 1.6200
Std. Deviation 0.0133 0.3366
Skewness -0.5150 1.6010
Kurtosis -0.6550 3.1540
Ql 0.0218 0.1300
Quantile Q2 0.0335 0.2800
Q3 0.0430 0.6000
Confidence 0.0354 0.4774
Intervals L 0.0269 0.3106
Length 0.0085 0.1668
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AIC -66.0750 538.3880
AlCC -64.9330 539.0540
BIC 80.4840 -523.1360
CAIC -505.7530 0.0037
p-value 0.5727 0.1485

From table (3) it is noticed that as the sample size is increased the AIC, AICC and
CAIC increased while BIC is decreased. The better distribution is the one with
the smallest values of the previous criteria. Finally, two real data applications
are analyzed to assess the flexibility of new model over existing distribution.
One sample Kolmogorov-Smirnov (KS) test is applied on the two sets of data to
test the goodness of fit. It is found that p-value is greater than a = 0.01. So that
the proposed model provides better results than the existing models.
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