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02=0.2 Licy Queen Hurs Jlaxiwls
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LLE p1 P2 P3
GAU. 0.9189044 0.9389276 0.9440363
n=25 SUG1 0.9160624 0.9832004 0.9510599
SUG2 0.9300253 0.9940329 0.9794610
GAU. 0.9612840 0.9497026 0.9440842
n=75 SUG1 0.9403894 0.9467130 0.9442580
SUG2 0.9513163 0.9665651 0.9430636
GAU. 0.9407617 0.9569880 0.9416098
n=150 SUG1 0.9332898 0.9424193 0.9449306
SUG2 0.9682661 0.9629684 0.9611886

sedadl 350 AU g culinall p9=> axexd (MAPE) Jbae o) Jdaadl cr (3) Jgu=
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GAU. 0.9825199 0.9325263 0.9447048
n=25 SUG1 0.9924439 0.9346845 0.9402968
SUG2 0.9954574 0.9367775 0.9536870
GAU. 0.9325625 0.9361010 0.9443131
n=75 SUG1 0.9317022 0.9411386 0.9420627
SUG2 0.9997395 0.9480260 0.9419094
GAU. 0.9337419 0.9440186 0.9437267
n=150 SUG1 0.9246483 0.9338438 0.9463552
SUG2 0.9258507 0.9594230 0.9615530

sl 3l AU g ol pox> &«A:J (MAPE) )lae pf.ﬁ.l Jumadl g (4) Jod
Jloatuwl Doandl 4581 Ol39Y! ddg24m09 M(X,) dugad! U1 (SPSAR) dandaall dcis
01=0.1kxsy Queen ylas
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LLE P1 P2 [oF
GAU. 0.9650911 0.9738978 0.9482854
n=25 SUG1 0.9455658 0.9856022 0.9401338
SUG2 0.9570465 0.9914668 0.9433732
GAU. 0.9463638 0.9510159 0.9406557
n=75 SUG1 0.9434389 0.9589359 0.9311371
SUG2 0.972822 0.9651387 0.9487385
GAU. 0.9845714 0.9527249 0.9417404
n=150 SUG1 0.9482585 0.9496051 0.9343521
SUG2 0.9851369 0.9515677 0.9326603

adl @b Ay wlyuall pgx> awn) (MAPE) sbas o) Jdaadl e (5) Jgd=
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GAU. 0.9200243 0.9518559 0.9643507
n=25 SUG1 0.9491439 0.9515009 0.9765820
SUG2 0.9517712 0.9720018 0.9473780
GAU. 0.9804460 0.9532338 0.9435295
n=75 SUG1 0.9016942 0.9495943 0.9445576
SUG2 1.0023952 0.9738125 0.9521426
GAU. 0.9659084 0.9463953 0.9501485
n=150 SUG1 0.9632820 0.9427624 0.9478221
SUG2 0.9844753 0.9646159 0.9409620

aadl (31 Ay wlpall pgx> auezx) (MAPE) slos o) Jisadl gaw (6) Jgi=
Jlaniwl Doaal LK 13991 38 gy M(X,) dngadll DIW (SPSAR) deakanll duis
03=0.5kuiicy Queen s

) oo B" A;:;;_\L::EA:, 5k Sl alde V) dalza
P1 P2 [oF
GAU. 0.9578828 0.9313945 0.9447199
n=25 SUG1 0.9768569 0.9273403 0.9464791
SUG2 0.9848987 0.9478936 0.9504187
GAU. 0.9382055 0.9328980 0.9439104
n=75 SUG1 0.9408636 0.9333282 0.9410293
SUG2 0.9483576 0.9419422 0.9408271
GAU. 0.9504661 0.9526187 0.9555181
n=150 SUG1 0.9497944 0.9580625 0.9568371
SUG2 1.0068754 0.9622352 0.9660613

el @l 809 bl pgm> araxd (MAPE) sl pudd Jdaadl (aw (7) Joor
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GAU. 1.0115852 0.9344060 0.9467672
n=25 SUG1 0.9744224 0.9342907 0.9634862
SUG2 0.9960896 0.9529372 0.9866006
GAU. 0.9739702 0.9391624 0.9398646
n=75 SUG1 0.9807412 0.9340158 0.9645601
SUG2 0.9781726 0.9330691 0.9835643
GAU. 0.9838235 0.9379267 0.9507534
n=150 SUG1 0.9781304 0.9349326 0.9439154
SUG2 0.9515703 0.9396968 0.9466336
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GAU. 0.9949382 0.9440823 0.9504683
n=25 SUG1 0.9894347 0.9492315 0.9561646
SUG2 0.9727047 0.9593779 0.9575222
GAU. 0.9805359 0.9633272 0.9441745
n=75 SUG1 0.9565617 0.9559245 0.9434276
SUG2 0.9834909 0.9608562 0.9444264
GAU. 0.9808154 0.9473389 0.9433870
n=150 SUG1 0.9419268 0.9480019 0.9399092
SUG2 0.9424613 0.9449528 0.9384572
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GAU. 0.9340939 0.9627669 0.9425762
n=25 SUG1 0.9405995 0.9881473 0.9438691
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GAU. 0.9868468 0.9408479 0.9431357
n=75 SUG1 0.9839688 0.9325202 0.9425861
SUG2 1.0019072 0.9309648 0.9444639
GAU. 0.9798425 0.9661562 0.9438547
n=150 SUG1 0.9655303 0.9647765 0.9428784
SUG2 0.9618458 0.9601078 0.9419561
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Abstract:

The regression model is built on several assumptions in order to obtain
the least squares estimation that have the property of the best linear
unbiased estimate. Homogeneity of the random error terms is one of
these assumptions which cannot be achieved in some economic and
financial data. This research deals with the use of the robust estimation
methods MM, TLS, and MPV to estimating the regression model
coefficients that describes the relationship between the quantities of
exported from Iragi crude oil and quantities of produced from it, which
suffers from the problem of heterogeneity of random error terms, and
then a comparison is made between the results of estimating those
methods to reach to the best estimation method. The result shows that
the TLS is the best method, based on the mean squares error (MSE)
criterion.
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Abstract

The research aims to create a discriminatory function that determines
the factors affecting the incidence of liver enzyme abnormalities, by
distinguishing and separating the sufferers into two groups (males,
females) and studying a number of influencing factors (Age, weight, ALP,
AST, ALT, GGT) by taking A sample of 100 people and after ensuring the
appropriateness of the discriminatory analysis of the data and the
formation of a discriminatory function for segregation and
discrimination.
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ANOVA Table(2)Jg>

Source of Variation SS df MSS F
B sle I
etween ;,‘S sallon | oep k—1 Mgs | Mgp
Within x’s Ua=Jl SSE n—k Mg Msg
Total ! SST n—1
-0l
(10 L}UJSW@ sl Silayo Cooma .1
SSE = D% = @yd; + Qpdy 4 v vervevvvevee oo+ @pedy,
tJWE Gz olpiall g ©laoye fgama .2
SSB = ——22____ x (D?)?

T (ny+np)(ng+ny-2)
tJWE sy S Oluyall goazme .3
SST = SSB + SSE

-ZQS’SJ\&:&S‘ 9
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gumall o)l -2
M
F ==E
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eI (eledl diguad dadail] Olpisis (o Exdl Faud 90 ol UL Cannxr
omaiseall (pe de geoxey Dlasiwdl @5 W89 (Aol Oldiduell Olpisn i1y dulall
£2021 & Lol UL poz o5 131 835001 Jolgall wal e (3ol uSI olyel
38 () Dl ko jliiel 03 4ad Bl Jebos (ol gty 100 lgam iy
gl e slaedl 50 2981y 50 oYl sue oy &bl (y=2) ,s83(y=1)

o |
soadl Jiwy paie (Age) @
Oyl Sy naie (Weight) o
@3»Y!1da 355 (Alanine transaminase) ooV oyl JBL @3l Sy aiie(ALT) @
! § J5 1 0l Gl Bl J) Sliwig Al Jgzo 9a9 wSI (3 gty S
A4S dslal e Jy @il 13g) duxpelal
(Aspartate transaminase) < Uledl ool J8U @331 Jiay psio (AST) @
Aiped! poleYl CMETwl (§ delung puull sbacl (o duall (3 Uz g0 @3Sl 929 @
lia u>s (Alkaline phosphatase) sl yilawgall @il Jies psio( ALP) o
- 089 o e oy $ 013 A1 3 Awliod 83305 3
529 (Gamma-glutamy ltranspeptidase) 4eud! AL @351 Jiay ssio( GGT) @
PG (o) S 35759 S (8 Lganias oty () laspdl s
ol AU Ol S cdICanall (o dudadl JI Sl oda (§ Olasdl gl 53L3)1 Judg
A8yl Bal ol yel gl SII s o cpoall

e bled! ks
My Judoxtll Asye ya39 (SPSS) JuamYl el Jlaxiuols bladl Jukoxs dulas o

Kolmogorov-Smirnov s :(3)Jed=>
One Kolmogorov-Smirnov Test
Age M:ft'g ALP AST ALT GGT
Absolute 0.060 0.067 0.062 0.089 0.0 0.203
Most
Extreme Positive 0.053 0.067 0.062 0.040 0.043 0.192
Di
ifferences [\ egative -0.060 -0.064 | -0.054 | -0.089 | -0.045 | -0.203
Test Statistic 0.060 0.067 0.062 0.089 0.045 0.203
Asymp. Sig. (2-tailed)* 0.200¢ 0.200¢ | 0.200¢ | 0.048 | 0.200¢ 0
Sig. 0.501 0.330 0.437 0.052 0.889 0
Monte Lower
Carlo Sig. 99% Bound | 0488 | 0318 | 0.424 | 0046 | 0.881 0
(2-tailed)e | Confidence
Interval Upper 0
.514 0.342 0.450 0.058 0.897 0
Bound
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30b 05 i) Jakomdl b & 1395 pe WST
Sl sl @b e awdall aogill @i SBLAI O o slml @iy (ualall @sgdll slowl
Kolmogorov-Smirnov

One Kolmogorov-Smirnov Test
Age Weight ALP AST ALT GGT
Most Absolute 0.060 0.067 0.062 0.089 0.0 0.203
Extreme
Differences Positive 0.053 0.067 0.062 0.040 0.043 0.192
Negative -0.060 -0.064 -0.054 -0.089 -0.045 -0.203
Test Statistic 0.060 0.067 0.062 0.089 0.045 0.203
Asymp. Sig. (2-tailed)* 0.200¢ 0.200¢ 0.200¢ 0.048 0.200¢ 0
Monte Sig. 0.501 0.330 0.437 0.052 0.889 0
Carlo Sig.
(2-tailed) 99% Lower Bound 0.488 0.318 0.424 0.046 0.881
Confidence ™ yp0er Bound 0.514 0342 | 0450 | 0058 | 0897
Interval

Ol o S (3 drezmall QUL O odlel Silayseall (g0 (3) Jgdd! @IS 939
Buetiaadl (Sgtunall 0.05 (30 ST lgd U WY Sgiame 01y (avalall 2ol 2 L)
o LS5 Ay, Sl el sk (8 L) spdall auigill sl Sasg Ayl odg)

e
20 - Weight Ag
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15 -~
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0 - 0
0 40 60 80 100 0 20 40 60 80 100
(2) S (3) s
30
20
10 -
0 .

0 200 400 600

(4) S5z (5) 54
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ASba>Yl pgla)l s

GGT

AST
50 50
40 20
30 ' 30
20 20
10 l 10
0 - L o

o 00 400 600 200 0 100 200 300 400
(6) S (7) S

ST (652 Al Wlpaiell BE G 83 @b e Ggis ULl Of e STy
((MAH.1) pwb dodz pdie e Ssiom L 3908 39250 12559 ( Mahalanbis)
el po J8T @il 0da O dms ( MAH.1) 3508 o 839250l @il 0da dazlyang
A3 03l 08 3929 pda 3y 5 Aoy dryg 98 Solud B 1y S8 o) Agaxdl

Al Ol paiall

Joed OF (4) 03y Jgdr (po gty Aliinedl Olpaiedl e 313 BLG) 3929 pde (pe S
1.335,1.241,1.190, 1.473 , 1.477 <58 &l & ppatll ol piciall o0 JSI (VIF
, bl az gy LU zluidl oSay, 5 oo J8T <38 @l of beng Jlsdl e 1.255,

( 1-R%) 0.57 3o ST 0addl OF Lasg (Tolerance) esd M oo gl oSy Ll

Slpisiell o bW b (4) gl

- A pandtl] Sl il g bLS)l 3929 pds pm &3 Ol

Classification Function Coefficients
genval
1.00 2.00
Age -.034 .005
Weight .408 322
ALP .007 .013
AST .024 .017
(Constant) -17.207 -13.282

BoxX's M gaizmall (el pe JSTI
Box's Myl 78S zus e (5) Jgud!

Test Results

Box’s M 36.823
F Approx. 12.003
dfl 3
df2 1728720.000
Sig. <0.23
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o0 ST (29 0.23 ol gyivadll WY Sgius dad OF (5) Jgdandl oo JaxDlig
las cpis gozmadl 3,81y edloatd] e Jus 1 duehldl (3 Aol Dgiaodl (S gime
- Ayhsall dupydll Jguky Cor i

dd)l dapd)) 755 1(6) Jgd>

Log Determinants
Type Rank Log Determinants
1 2 10.602
2 2 10.786
Pooled Within-groups 2 10.070

v dgluis Lyds (Log Determinants) b Of (6) @3) Jodxdl oo Jasdy WS
Agludie ASFiell (pldl OB gaumn Ol (G iy (pic gaxel!

:géM' Jul=dl ;b}i
Ole gazall (5o de gazme S dylaall LYy duluaed! blugdl 1(7) Jgdx!

Group statistics
Type Mean Std. Deviation
Age 64.040 7.5376
Weight 76.580 9.7940
5S4l ALP 152.920 117.3491
AST 42.370 52.0797
ALT 24.772 27.9268
GGT 130.100 151.3071
Age 34.560 14.9805
Weight 68.460 18.8487
e ALP 139.140 83.2422
AST 63.974 87.2415
ALT 38.078 46.2523
GGT 88.840 69.3649
Age 49.300 18.9382
Weight 72.520 15.4909
Total ALP 146.030 101.4566
AST 53.172 72.3009
ALT 31.425 38.5948
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D punail] il il U315 bl dbgasme Jgdz 1(8)Jgd

Pooled Within-Groups Matrices

Age Weight ALP AST ALT GGT
Age 1 0.505 -.047 0.014 -0.055 -0.040
Weight 0.505 1 -0.042 -0.054 0.065 -0.216
Correlation ALP -0.047 -0.042 1 0.050 0.165 0.341
AST 0.014 -0.054 0.050 1 0.413 -0.001
ALT -0.055 0.065 0.165 0.413 1 -0.088
GGT -0.040 -0.216 0.341 -0.001 -0.088 1

Jolaed @il & pedil] Olpiiall o JU BLEY Sdlolas J1 (8) pd) Jgur pde
0.050 S9luw 08 (AST,ALP)(9 0,505 4iasd =38 (Age, Weight) om Sk bL3yYI
eilpaiell B o 138y

el Gred) Judoadl Jgd (9)ed) Jgur

Variables Not in the Analysis
Step Tolerance Min. F to Enter Min. F Between
Tolerance Groups
Age 1 1 154.513 154.513 | JaYly 245l
Weight 1 1 7.307 7.307 Aedlg (2SI
0 ALP 1 1 0.459 0.459 ey 2SI
AST 1 1 2.261 2.261 ey 2SI
ALT 1 1 3.033 3.033 ey 2SI
GGT 1 1 3.072 3.072 Aedlg (2SI
Weight 0.745 0.745 6.607 84.981 Aedlg (2SI
ALP .998 0.998 0.612 77.256 Aedlg (2SI
1 AST 1 1 1.089 77.871 Aedlg (2SI
ALT 0.997 0.997 0.428 77.020 dadlg 2SI
GGT 0.998 0.998 1.940 78.967 dadlg 2SI
ALP 0.997 0.744 0.493 56.522 dadlg 2SI
) AST 0.995 0.741 1.397 57.351 Aedlg (2SI
ALT 0.985 0.736 0.133 56.191 Aedlg (2SI
GGT 0.947 0.706 0.641 56.658 Aedlg (2SI

(0)pd) slaxdl 7o g3 9 (Stepwise) tel! Simeedd! Judoxtll ighas (9) gl g2
J3 site J9B Age el site dudoss @3 (1)e3) Bglasell gy mike (§ slasiul pite
29 (154.513)gied Ol 9 F Hlasdl Al dad 8L aoaty 49 djpeas)] AN (3
(2) 85kl § ¢ F dod (0o 1S Lgiad OY ( Weight) Gis)l s dladil (2)3) Bglasill
B! Al JI ( GGT,ALT,ALP, AST)dudiell dandl cilpsiadl (e 81 Jo) @i o)
Sl Sl lams goabg0dl GV asnll 0 sl Wlpiiall 0dg) Sl od 0Y 3

.(3.84)
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@)Aﬁ\ RN NESI] ) Sl adw 1(10) J9u=

Walk’s' Lambda
s =z Exact F
Step |5 o3 Ladr;’b dft | df2 | df3
g g Statistic | dfl df2 Sig.
1 1 0.388 1 1 | 98 | 154.513 1 98.000 | <.001
2 2 0.363 2 1 | 98 | 84.981 2 97.000 | <.001

W2 (1,2) cpnsnedl O b g el (Gineed)! Jakoeill Bl bl (10) Jsvr o
dasd pS1 ) OY (Age) o) 92 Olpsiadl 042 Jol Ol crubiasl) el s lgde doadaiuw
O QW awidl aiie adbs (Walk’s' Lambda)d ded Sy F Olast dsad
.(Weight)

dyylenall st Dybimal paatl) Slolao JI sy 1(11)dguter

Standardized Canonical Discriminant Function Coefficients

Function
1
Age -.623
Weight 1.051
ALP -.492
AST 404

I o903 LS Sarg dylenall 2y dyylemall paatl) @dlolas (11) Jgdadl puidg
A0 Aslaall § LS dyjpa
y = —0.623x; + 1.051x, — 0.493x3 + 0.404x,
:(Classification) «aiuaill
Caduail! @L» (12)J9=>

Classification Results
Predicted Group
Type Membership Total
e sSall Sy
e sSall 50 0 50
Count -
. Sy 5 45 50
Original -
o e sSall 100.0 .0 100.0
0
Y 10.0 90.0 100.0
A 95.0% of original grouped cases correctly classified.

56



2023 Jebl/ seiw =09 Al ddall 4SlasY! o gla)l o

el DI e sleieY digadl Sy usuall isadll J1 (12) o8 Jod ade
J2Yl5 (23Sl (9250 Ciriaai 65 01 51 95% 9 r Wl Cainatl] Jutae 01 Jgend! cxem
-5%9“33-1&15@#443”&5@0‘@33‘1@395%&5#%%

Slo g3y Sl bt

Olayaall Cadialy el § ol gz lizn bl Y (grmetd! Jloatd! Gglasl Aa3dlo
Bdodsll

.1

etll 3 AU Ol pikell duadl gy zo9es JI Jaogtl 3.2
gt el Loy ULl 5 Jekows (3 Binatd] Jlgll 3ackas .3

Hobaadl

[ dpaladl Alomoll " 50l (3 (Grpeatd! Jaloill plasonal” ¢(2021) FIIe (b5 memylas ¢ swe
.3 00 (41 Mexadl (Jugaidlg Bylxd)

I plasials Joll Canaill ogidyan o glall 5801 103" ¢(2014) ey Loy ¢ Glall
3LaidYly )l 4 aluiy daal Jle pols Eow Birasll

UE Byl (o G2yl il pue ylas paEs § Gl Judowdl plusuil” (2020) B ¢oyio
el (1adadl 4 Wl (8ylxilly sLaBMW cled Axa " yinandl (2,80 ) &ibogll

Chaos (3 (raadd! Jelmll) Oolpiiall siaie Glasyl Juloill" ((2007) @le 0bas w8 ¢ selll
LobaBYl polall Gawd dasler Ao Mpaiamell § SFloadl $3Ladl Sudl 3> I aigis
G aual- 23 wmall —dglallg

I plasialy J ol Ciiatl) ogidyan oo (ghall 13801 s ((2014) cdedsy B ¢(3lkand]
Jbajé}”j 5)‘..3}” wm‘u\i} :b.nl> L}LC ‘9_91)3 o ‘BM\

daal> cjguu..?Lo Coo 4"@%&3@ Jodd djbj a.‘JAAAjJ‘ aludm 4(2015) 4)LZ“J| Jus I (C)‘J}A}
Slp byl ead Olsbly Ol pgle a8 ¢ Juogall

& JWl abasdyl e aysTy Jal pladll digie" (2021) dedy damme ey daxs slas Cals
el susdl Adlally Bpuaill byl des "3yl

Om Badazell il Ljunesll Boall" ¢((2018) cduiall dazee iy ydlgzy Sl iy i (bl
AU (B Amolr - U1 A5 ¢ g0y oG o ¢ gau el drolow duadally Lo LIS W
Sgaww el daals 4ol

(bladlg del3l &S ¢ o gall dnoler ¢ ylaseidl ko I Jsdall” ((1987) cadsls csaly)l

o> SN Dylgall wlisiall pand Ginadd! Jd=I" ¢(2012) e gamme Juaz g A Ay oy
(58) sal ¢(18) Wemall ¢(digiuw Canas) dupbyll polall (b))l Aloes (Mpuall ,S) (250l

el glunly Jasdl @il Juloeidl Gglasl o &plie duhs" ¢(2020) ol Jolis (&S
Aol pglall &81yall dleall " QI (Gl

T3ledy Uil gl 3 9aidly (Smeatd] kot ey 43yl ¢(2015) ¢ d godl Juad il e ool
Ol il Caduad § dauas)l O

BV e ("Ogudl (olhal pam parad) jwall Julodl plasuia" ¢(2008) (b suile (ol
gy goludl suall laidVlg

Ol olyel el disasd) il Gl jan plasiud ((2009) Gd a3 (orald)
SLaiYlg 5191 48 (s paiivnal) drslanl Griurle Eox ¢Mall

P o ¢"SIaY gl gl A Casina § (Gl Jaloedl Jlomial” (2018) ¢ppoms dgeds celllue
clasdl ‘o.mé 4W| asuob.d‘ ‘g;k’

57

(1
2

(3

(9
(10

(11
(12
(13
(14

(15



2023 Jebl/ seiw =09 Al ddall 4SlasY! o gla)l o

58



2023 Jebl/ seiw =09 Al ddall 4SlasY! o gla)l o

Ol 9 oy Jlaxiasly ( SAR ) 35! I oVl 73 ol ypukS
Byl § Ol pudl (230 e A gl 3

dus db clan Q.‘:j e dolun) 8ylw do>WJI
3LaidYlg 81Vl dS/ & pasivuall daslell  SLaiBYIg BlyaYI &S/ & saidunedl daolx!

2022/04/12 :Eomd! gl FyG
2022/05/02 :goedl Jgud 5y

2023 peisws [ Jghl 109 e Al § Caxdl 2

2522-64X/515.7 :(Online) &9 AUV dseuddl / (920 aduail! 0y

2519-948X/515.7 }(Print) &8¢l dseuddl / § 925 Caiuail! 34

59



2023 Jebl/ seiw =09 Al ddall 4SlasY! o gla)l o

Ol 9 oy Jlaxiasly ( SAR ) 35! I oVl 73 ol ypukS
Byl § Ol pudl (230 e A gl 3

dus db clan Q.‘:j e dolun) 8ylw do>WJI
3LaiBYlg 8lyoYl 4/ & paiiuall daslmdl  LaidYlg 81Vl S/ & paiiuned! daolxll
:M‘

OY Loy (slasdl Wl plesal a3l &g (3 45Kl ULl Juloxs i aa)
05 Uy cdage Ologhan glus JI S35 il e 35 Judoatdl § GK) dadl Jloa!
dedaoll paall BB (Sde dushs gl (o oSy (&1 ASKI Hlasl Z3kes I sglll
@ Ay cduwgydell Byala)l wisyaa) 8 slexel 3929 o (§ donub il Olpiall
@ (SAR) K GII 5lusil z3 gadl 12ud5 § Camed! i (@ deolaal) ju 4yl Jleaiul
Rock gy sbae (e slexedl asly @3 (@) Auasll L381 OhoYl Agaume 3929 S
Jeg solmll Jo)y Hlae p b gexd (G doiiell LSRN Ol Abgasany H9loeid)
@20 dday Aaiedl O udl (9250 By e sloieYby sy § LadsY! dolusll
288 G gl Olprioll Lol dasas miieS Glyadl lladlne (po dadlxs S (3 Olo ]
P39Il dglall Gbolinll s Olbull (9250) )il @2 Jiaag yoadl dibaey el
Q8 slexedl 929 e 2SIl Olge slene Jlasitusl NS (30 o5 W3gcdladlnall (3
Ol Gy LUV e A6 & Flriandl @ gall O e Jo Lo Ol (520 UL
Ob9Yl Bgiuas b (3 Lypdadl detasl) piiedl @b O e paddl @S IS e
do @ Lpaadl daiaedl paiedl @8 oo dudsdl @il (81 0SS Waaall A58
o @ Ll @3 U MAPE Hlas dogd 0481 Lo 1iag ¢« do-fdall 438l 0191 43 gias
OboYl Agiume Jio 3 leplus @3 (@I Al (1o il Aoaedl ASELI OleYI A3 giuae
O EIN -] N

dasyb Olyge Jolae ‘Q&“J‘ Sloxe! ‘Q&QJ\ QUJ\ Slassyl C.')}o)'\ - VEAVEIN QU ]
.Bayes

Estimate the Spatial Auto Regressive Model by using Bayesian
Methods to show the impact of spatial juxtapositions on cancer in Iraq

Abstract:

Recently, spatial data analysis has attracted the attention of statistical
researchers, especially because neglecting the spatial dimension in the analysis
affects the results and leads to the loss of important information. Therefore,
spatial regression models have been resorted to, through which it is possible to
study the extent to which the dependent variable is affected by the explanatory
variables in light of the presence of spatial dependence for the studied
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vocabulary, The Bayes method was used in this research to estimate the SAR
model in the presence of the modified spatial weight matrix built on the Rock
juxtaposition standard and Suggested weights matrix by the researcher that
was built Depending on the Rock juxtaposition criterion and the Euclidean
distance, and based on cancer patient data on the number of cancer patients in
each governorate of Iraq as an approved variable, but the illustrative variables
were the rate of age, the rate of tumor size of cancer patients and the number
of areas contaminated with uranium in the governorate, Through the use of
Moran's criterion, the presence of spatial dependence of cancer patients' data
was revealed, which indicates that the geographical location has an impact on
the incidence of cancer, Through the estimation results, we note that the
estimated values of the dependent variable in light of the modified spatial
weights matrix are closer to the real values than the estimated values of the
dependent variable in light of the proposed spatial weights matrix, This was
confirmed by the value of the MAPE standard, which was calculated within the
modified spatial weights matrix is smaller than the value that was calculated
under the proposed spatial weights matrix.

Key words: Spatial Auto Regressive Model, Spatial Depends, Moran
Coefficient, Bayes method.
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An analytical study of unemployment rates in Iraq using the Bootstrap
technique

Abstract

The research presents a statistical analysis of the unemployment rates in
Iraq since 2003-2008. A simulation experiments were use procedure with
different parameters and different sizes of samples in the estimation
process which include the Maximum Likelihood Method and the
Bootstrap technique with Mean and Median methods. A comparison was
done dependent on the Mean Square Error. The simulations outbalanced
the second Bootstrap technique, so it was use to estimate and analyze
the parameter, average survival time, and survival function of the
unemployment data in Irag, which is available in six observations
distributed exponentially. The results show that the unemployment rate
in lrag ranges in (20%) and the average survival rate is (20) years, and the
probability of survival of this rate is the same Circumstances was (63%)
this year and (49.5%) in (2023) and (38.5%) in the (2028).
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(MSE) Uasdl &l o illawgin @89 (T) dedaall cilppis (1) Jgdr

Trear | N Ty MSE oy MSE Tam MSE
5 | 16.130671 | 14.971960 | 17.835788 | 4.684025 | 18.760730 | 1.535980
20 10 | 18.402995 | 2.550522 | 18.979539 | 1.041434 | 19.371353 | 0.395286
30 | 19.279959 | 0.518504 | 19.560759 | 0.192976 | 19.573176 | 0.182223
100 | 19.851913 | 0.021951 | 19.710694 | 0.083719 | 19.889806 | 0.012164
5 7.289427 | 7.348462 | 9.044323 | 0.914134 | 9.400378 | 0.360301
10 15 | 9.106639 | 0.798496 | 9.556867 | 0.196732 | 9.631443 | 0.136193
30 | 9.750533 | 0.062409 | 9.832378 | 0.028270 | 9.836043 | 0.027054
100 | 9.914055 | 0.007471 | 9.884480 | 0.013430 | 9.963444 | 0.001420
5 4761186 | 0.059973 | 5.041474 | 0.004343 | 5.021449 | 0.003104
s 10 | 4.826110 | 0.031669 | 5.020572 | 0.001746 | 5.008853 | 0.001407
30 | 4.917122 | 0.007558 | 4.983249 | 0.000952 | 5.000325 | 0.000667
100 | 4.992272 | 0.000394 | 4.982576 | 0.000639 | 5.001203 | 0.000335
5 1.549538 | 0.230682 | 1.822017 | 0.051760 | 1.862478 | 0.038131
5 10 | 1.787957 | 0.055389 | 1.908602 | 0.017504 | 1.936729 | 0.012890
30 | 1.895745 | 0.015507 | 1.955225 | 0.006364 | 1.968793 | 0.005274
100 | 1.974998 | 0.002762 | 1.920360 | 0.008602 | 1.983211 | 0.002401
5 0.830858 | 0.125182 | 0.903320 | 0.091048 | 0.941602 | 0.078603
1 10 | 0.882389 | 0.056644 | 0.963194 | 0.037284 | 0.969422 | 0.036404
30 | 0.982698 | 0.017558 | 0.977281 | 0.017967 | 0.984369 | 0.017444
100 | 0.985662 | 0.008783 | 0.984502 | 0.008838 | 0.991594 | 0.008546

=20 b lasdl Olauye Sllawgio @by (oY auigill elad! s ©ilpads (2) Jgdr

n t SRael Sm MSE Sem MSE Sem MSE
1 0.95122 0.93988 0.01736 0.94547 0.00460 0.94809 0.00118
5 0.77880 0.73347 0.27740 0.75553 0.07529 0.76604 0.01952
3 1 0.60653 0.53797 0.63442 0.57082 0.17726 0.58682 0.04660
2 0.36787 0.28942 0.83102 0.32584 0.24571 0.34436 0.06637
1 0.95122 0.94867 0.00088 0.94711 0.00235 0.94968 0.00028
5 0.77880 0.76208 0.03771 0.76840 0.01503 0.77250 0.00475
10 1 0.60653 0.58077 0.08954 0.59044 0.03598 0.59676 0.01143
2 0.36787 0.33730 0.12623 0.34862 0.05156 0.35613 0.01656
1 0.95122 0.94945 0.00042 0.95016 0.00015 0.95019 0.00012
5 0.77880 0.77156 0.00707 0.77444 0.00264 0.77456 0.00215
30 1 0.60653 0.59531 0.01699 0.59975 0.00637 0.59995 0.00519
2 0.36787 0.35439 0.02454 0.35971 0.00928 0.35994 0.00755
1 0.95122 0.95087 0.00002 0.95053 0.00007 0.95096 0.00001
10 5 0.77880 0.77735 0.00028 0.77594 0.00113 0.77772 0.00013
0 1 0.60653 0.60427 0.00069 0.60209 0.00274 0.60485 0.00034
2 0.36787 0.36514 0.00100 0.36251 0.00399 0.36584 0.00049
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7 =10 b lasdl Olaye Sllawgio @by (oY) aoigill elad! Als ilpdds (3) Jyux

n t SRael SuL MSE Sem MSE Sem MSE
1 | 0.90483 | 0.87180 | 0.01472 | 0.89532 | 0.00116 | 0.89908 | 0.00040
5 | 0.60653 | 0.50362 | 0.14296 | 0.57531 | 0.01254 | 0.58749 | 0.00439
> |71 | 036787 | 025363 | 017619 | 033099 | 0.01752 | 034514 | 0.00626
2 | 0.13533 | 0.06433 | 0.06806 | 0.10955 | 0.00855 | 0.11912 | 0.00318
1 | 0.90483 | 0.89600 | 0.00105 | 0.90065 | 0.00022 | 0.90138 | 0.00014
5 | 0.60653 | 0.57749 | 0.01137 | 0.59263 | 0.00248 | 0.59503 | 0.00160
10 036787 | 033350 | 0.01595 | 0.35121 | 0.00357 | 0.35406 | 0.00231
2 | 0.13533 | 0.11122 | 0.00784 | 0.12334 | 0.00185 | 0.12536 | 0.00120
1 | 0.90483 | 0.90252 | 0.00007 | 0.90329 | 0.00003 | 0.90333 | 0.00002
5 | 0.60653 | 0.59882 | 0.00080 | 0.60138 | 0.00034 | 0.60149 | 0.00030
30 T 036787 | 035858 | 0.00116 | 036166 | 0.00043 | 0.36179 | 0.00044
2 | 0.13533 | 0.12858 | 0.00061 | 0.13079 | 0.00026 | 0.13089 | 0.00023
1 | 0.90483 | 0.90405 | 0.00000 | 0.90378 | 0.00001 | 0.90450 | 0.00000
10 | 5 | 0.60653 | 0.60390 | 0.00009 | 0.60299 | 0.00016 | 0.60541 | 0.00001
0 | 1 | 0.36787 | 0.36470 | 0.00013 | 0.36360 | 0.00023 | 0.36653 | 0.00002
2 | 0.13533 | 0.13300 | 0.00007 | 0.13220 | 0.00012 | 0.13434 | 0.00001

7= 5 lodie Uasdl Olaye Sllawgio @by (oI aojgill eladl Als Cilypuds (4) o

no|t Srael Sus MSE Sem MSE Sem MSE
1 | 0.81873 | 0.00001 | 0.00090 | 0.82007 | 0.00002 | 0.81943 | 0.00000
5 | 036787 | 0.00008 | 0.00437 | 0.37091 | 0.00011 | 0.36945 | 0.00003
> |71 [ 013533 | 000004 | 000225 | 013758 | 0.00006 | 0.13649 | 0.00001
2 | 001831 | 0.00000 | 0.00015 | 0.01892 | 0.00000 | 0.01863 | 0.00000
1 | 0.95122 | 0.00478 | 0.25850 | 0.81902 | 0.22504 | 0.81940 | 0.21071
5 | 077880 | 0.04493 | 2.42629 | 0.36853 | 2.16714 | 0.36939 | 2.03235
10 060653 | 0.05774 | 3.11824 | 0.13581 | 2.85276 | 0.13644 | 267934
2 | 0.01831 | 0.00000 | 0.00008 | 0.01861 | 0.00000 | 0.01844 | 5 7g¢.10
1 | 095122 | 0.00457 | 0.24696 | 0.81818 | 0.22791 | 0.81874 | 0.21283
5 | 077880 | 0.04348 | 2.34829 | 0.36664 | 2.18710 | 0.36790 | 2.04714
30 T 060653 | 005656 | 3.05468 | 013442 | 2.86958 | 013535 | 2.69185
2 | 001831 | 0.00000 | 0.00001 | 0.01807 | 0.00000 | 0.01832 | 5 g7r-07
1 | 095122 | 0.81847 | 0.23791 | 0.00442 | 0.22798 | 0.81877 | 0.21273
10 | 5 | 077880 | 0.36731 | 2.28587 | 0.04247 | 2.18763 | 0.36796 | 2.04650
0 | 1| 060653 | 0.13491 | 3.00266 | 0.05572 | 2.87002 | 0.13540 | 2.69131
2 | 001831 | 0.01820 | 4 70g-07 | 1.62E-08 | 8.30E-07 | 001833 | 381F09
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=2 lodis lasdl Ola e Sllawgio 089 (o) aujgidd sladl Als ol (5) Joar

n |t Sraet SuL MSE Spm MSE Sem MSE
1 | 0.606531 | 0.524477 | 9-09- | 0577618 | 1.08E- | 0584546 | 5-86E-
5 | > | 0082085 | 0.039686 243E- | 0.064299 | 9-63E- | 0068249 | 2-32E-
10 | 0.006738 | 0.001575 | 3-60E- | 0004134 | 8.73E- | 0004658 | 3>-25E-
20 | 0.000045 | 0.000002 | 2-00E- | 9ogo017 | 1-00E- | 0000022 | 6-88E-
1 | 0.606531 | 0.592181 | 2.78E- | 0571610 | 1-57E- | 0596704 | 1.17E-
10 |5 | 0.082085 | 0.072823 1.16E- | 0.061024 | 5-71E- | 0.075647 | 5-03EF-
10 | 0.006738 | 0.005303 | 2-78E- | 0003724 | 1.17E- | 0005723 | 1-25E-
20 | 0.000045 | 0.000028 | 3-66E- | 0000014 | 1.00E- | 000033 | 1.96E-
1 | 0.606531 | 0.590080 | 3-65E- | 0599625 | ©-14E- | 001743 | 2.78E-
50 |>_|0.082085 | 0.071541 1.50E- | 0.077518 | 2:69E- | 0.078896 | 1.23E-
10 | 0.006738 | 0.005118 | 3-54E- | 0.006009 | ©-84E- | 0.006225 | 3-20E-
20 | 0.000045 | 0.000026 | #-52E- | 0.000036 | 1.06E- | 0.000039 | ©-88E-
1 | 0.606531 | 0.603969 | 886E- | 05594083 | 1.99E- | 0602704 | 1.78E-
100 |>| 0082085 | 0.080366 3.99E- | 0.074001 | 841E- | 0079528 | 7-93E-
10 | 0.006738 | 0.006459 | 1.058- | 0.005476 | 2:05E- | 0.006325 | 2.07E-
20 | 0.000045 | 0.000042 | 1.66E- | 0000030 | 2-91E- | 0.000040 | 3-57E-

r=1 bdis lasdl Ol ye Sllawsio 089 (o ajoid) sladl Als lpuds (6) Jgi

=1
n t Srael SuL MSE Sem MSE Sem MSE
1 | 3.68E-01 | 3.00E-01 | 6.20E-02 | 3.31E-01 | 1.80E-02 | 3.46E-01 | 5.93E-03
5 5 | 6.74E-03 | 2.43E-03 | 2.50E-04 | 3.95E-03 | 1.00E-04 | 4.94E-03 | 3.91E-05
10 | 4.54E-05 | 5.93E-06 | 2.00E-08 | 1.56E-05 | 1.00E-08 | 2.44E-05 | 1.00E-08
20 | 2.06E-09 | 3.51E-11 | 5.23E-17 | 2.42E-10 | 4.09E-17 | 5.96E-10 | 2.60E-17
1 | 3.68E-01 | 3.22E-01 | 2.84E-02 | 3.54E-01 | 2.45E-03 | 3.56E-01 | 1.58E-03
10 5 | 6.74E-03 | 3.46E-03 | 1.45E-04 | 5.57E-03 | 1.77E-05 | 5.75E-03 | 1.17E-05
10 | 4.54E-05 | 1.20E-05 | 2.00E-08 | 3.10E-05 | 2.57E-09 | 3.31E-05 | 1.83E-09
20 | 2.06E-09 | 1.43E-10 | 4.69E-17 | 9.60E-10 | 1.50E-17 | 1.10E-09 | 1.13E-17
1 | 3.68E-01 | 3.59E-01 | 9.65E-04 | 3.61E-01 | 5.31E-04 | 3.62E-01 | 4.07E-04
30 5 | 6.74E-03 | 6.00E-03 | 7.38E-06 | 6.17E-03 | 4.15E-06 | 6.22E-03 | 3.21E-06
10 | 4.54E-05 | 3.60E-05 | 1.13E-09 | 3.81E-05 | 6.65E-10 | 3.87E-05 | 5.39E-10
20 | 2.06E-09 | 1.29E-09 | 7.49E-18 | 1.45E-09 | 4.63E-18 | 1.50E-09 | 3.81E-18
1 | 3.68E-01 | 3.63E-01 | 3.81E-04 | 3.62E-01 | 4.25E-04 | 3.65E-01 | 1.17E-04
100 5 | 6.74E-03 | 6.27E-03 | 3.02E-06 | 6.23E-03 | 3.35E-06 | 6.46E-03 | 9.50E-07
10 | 4.54E-05 | 3.93E-05 | 4.72E-11 | 3.88E-05 | 5.41E-10 | 4.17E-05 | 1.65E-10
20 | 2.06E-09 | 1.54E-09 | 3.55E-18 | 1.50E-09 | 3.84E-18 | 1.74E-09 | 1.25E-18
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Abstract

In this paper the survival function was estimated by estimating two parameters
of the two-parameter Lindley distribution using the maximum likelihood
method as well as the Bayesian method, and the difficulty of obtaining the
normalizing constant for the posterior distribution function, therefore the
difficulty of obtaining a Bayesian estimator for this function and an approximate
method was resorted to represented by the Laplace approximation method.
Then the behavior of these estimates was studied in terms of having the
properties of good estimator, where a simulation study was conducted at
different sample sizes (50, 100, 150) and for different cases that differ by
changing the values of two parameters of the Lindley distribution. It was found
that the estimates of the two methods have the property of consistency
because the value of the associated MSE decreases with the large sample size
and the simulation showed the superiority of the Bayesian method over the
method of maximum likelihood in estimating the survival function at all sample
sizes and for all cases.

Keywords: Lindley Distribution, Survival Function, Laplace Approximation.

1. Introduction

Reliability theory and Survival Analysis have become very important statistical
methods since the beginning of the twentieth century. These two theories are
based on non-negative probability distributions that are often right-skewed.
The most common distributions used in this field are the Exponential
Distribution, Gamma Distribution, Weibull Distribution, Rayleigh Distribution,
Log-Normal Distribution and many other probability distributions [8]. In
addition to the mixed distributions, which we mean that a part of the sample
members follows a certain distribution and the rest own another distribution,
the most common mixed distributions are the t-Student Distribution, the
Laplace Distribution, the Lomax Distribution and the Lindley Distribution [14].
The Lindley distribution is a mixture of the Exponential distribution and the
Gamma distribution, with different ratios for each. Although this distribution
was presented by Lindley in 1958 [13], interest in it appeared recently for nearly
a decade and a half, so its statistical properties were studied and its parameters
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were estimated by many researchers such as Ghitany et al. [9], and Jodra [12].
The idea of the Lindley distribution is summarized as a distribution consisting of
mixing two continuous distributions (the first is the Exponential distribution and
the second is Gamma) with different weights. where its general form will be:

fO;80) =wfi(x;0) + (1 —w)fz(x;0) (1)
Where:
fi(x;0) =0e % ;  f£,(x;0) = 6%xe 0 ..(2)

So, the resulting function is:
f(x;0) = whe 0% + (1 — w)f2xe 0% ..(3)

Lindley [13] used the weight w = 6/(6 + 1) so the probability density function
will be:

2

fxi6) = =
The Lindley distribution consists of one parameter, and this makes it less flexible
compared to distributions that contain a larger number of parameters, so many
generalizations have appeared for this distribution, and these generalizations
have a different number of parameters, some with two parameters, the other
with three, and some reaching five parameters [16]. A two-parameter Lindley
distribution was proposed by Shanker et al. [15], in addition to studying its
properties and estimating its parameters using the maximum likelihood
method, and its parameters were estimated by the Bayes method for the fuzzy
data by Al-Bayati [2] using Lindley approximation method. In this paper, the
Bayesian estimation will be done using the Laplace approximation method, and
then the Bayesian estimates will be compared with the maximum likelihood
estimates using the MSE criterion.
The paper was divided into several sections. The first section included the
introduction and the second section a study of the two-parameter Lindley
distribution in terms of clarifying the mechanism of obtaining it in addition to
important functions such as the probability density function, the cumulative
distribution function and the survival function, while the third section was
devoted to the maximum likelihood estimators, and the fourth section to the
Bayesian estimators using Laplace approximation, while the fifth section
included the simulation and comparison between the two methods, and the
sixth section included the conclusions.

(1 +x)e 0* ,x>0,6=20 ...(4)

2. Two-Parameter Lindley Distribution

The two-parameter Lindley distribution was presented by (Shanker, Sharma &
Shanker) in 2013 [15], The researchers used the weight w = /(8 + a) with
the same distributions used in the one-parameter Lindley distribution, as
follows:
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(04
ia,0) = Qe 0% 4 ——g2xe0% ...(5
f&;a,6) 0+a ¢ +9+a xe ®)

Thus, the probability density function (p.d.f) for a random variable that follows
a two-parameter Lindley distribution is:

2
flca,6) =g —

This function will be plotted at different values for @ parameter and with the
same values for 8 parameter shown in Figure (2-1) and as in the following figure:

1+ax)e™® x>0,6>0,a>—-6 ..(6)

Probability Density Function

Figure 1. The p.d.f of a two-parameter Lindley distribution at different values of the
parameters.
The cumulative distribution function (c.d.f) for a two-parameter Lindley
distribution can be obtained as follows:
02 02

1+ at)e ftdt =
9+0(( +at)e 0+ a

f(l + at)e %tdt

—0o

F(x;0,a) = Off(t)dt = _[o

Solving the integral, the c.d.f will be:

0+ a+ abx 0
F(x;H,a)=1—[6+—a]e"‘ x>0,0=0a>-0 ..(7)

The following figure shows the cumulative distribution function at different
values of the parameters.

Cumulative Distribution Function

0 1 2 3 4 5

Figure 2. The c.d.f of a two-parameter Lindley distribution at different values of the
parameters.
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The Survival Function is defined as the probability of an organism surviving until
time t, and it can be obtained through the cumulative distribution function as
follows:

S(x;@,a)z1—F(x;9,a)=1—{1—[
0+ a+ abx
0+«

9+a+a9x] 9}
—-0x
0+a

.-.S(x;e,a)z[ ]e‘e",x>0,920,a>—9 ..(8)

The following figure shows the survival function at different values of the
parameters.

Survival Function

Figure 3. The survival function of a two-parameter Lindley distribution at different
values of the parameters.

3. Maximum Likelihood Estimators

The idea of the maximum likelihood method is summarized in finding the value
that makes the logarithm of the possibility function as large as possible and the
likelihood function for a two-parameter Lindley distribution that is as follows

[15]:
,)e—Gxi] _ (Giza) D(l +ax)e™* . (9)

L(O,a) = ﬁ

Taking the natural logarithm, we obtained:

0+«

2(0,a) = In[L(0,a)] = 2nInb — nin(6 + a) + Z In(1+ ax;) —néx ..(10)
i=1
Now, the logarithm of the likelihood function is derived for the two parameters

of the distribution, as follows:
9¢(0,a) 2n n

@ -7 3+t f?—nx—O .. (11)
a4(o, a) —-n
da B+ Z 1+ axl - (12)
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Then, the second derivative is found, as follows:
0%¢(0,a) —2n n

=—+ ..(13
262 02 (6+a) (13)
0%£(0,a) n S x?
= =Y . (14)
da? (g + &) — (1 + ax;)?
9%¢(60,a) 0%¢(0,a n
©,2) = ©.) = > ...(15)
000« oadl (g + &)
Thus, the matrix of the second derivatives is as follows:
[ 0%¢  0%*¢ 1
962 900
Hyy, = | 320 62;‘ .. (16)
0a08 Oda?

After obtaining the estimates of a and 8 by solving equations (11) and (12) using
the Newton-Raphson method, they are substituted into the H,;; matrix. If this
matrix is Negative Definite, then the estimates are maximum likelihood
estimates.

The estimated survival function can be obtained by the method of maximum
likelihood by substituting the estimates obtained from solving equations (11)
and (12) into the survival function for a two-parameter Lindley distribution,
which was previously defined in equation (8) as follows:

Ou + @up + A Oy x

SAML = e_gMLx ...(17)

Omr + Ay,

4. Bayesian Estimators

In the classical estimation method, the parameter is considered fixed although
it is unknown, but in the Bayesian method it is considered random and has a
probability distribution. This process takes place by adopting a probability
distribution for the parameter, let it be A, that contains all the information about
this parameter from previous experience, that is, that has nothing to do with
the data called the prior distribution and a probability distribution that contains
the previous information as well as the data, which is called the posterior
distribution, as follows [10]:

rxd)  p(xa)
) =50 = Tole D@
Where:

x: Observations vector.

p(/1|§): The posterior distribution for A.

p(g): The probability function related to the data.

p(g, /1): The joint distribution between A and observations.

Now, by substituting p(g, /1) with its equal to the conditional probability, we
get:

..(18)
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p(ilx) = p(x1)p@)

[ p(x1)p(D)d2
Where:
p(gM): The possible function, which we usually symbolize L(}).
p(A): The prior distribution for A.
The previous equation called the Bayes Theorem, and it is clear from it that the posterior
probability is the outcome of merging the previous information with the sample
information [3].
The Bayes estimator is obtained using loss functions, which is usually
symbolized by the symbol L(i, A), where the expectation is found for these
functions, which is called the risk function, and as follows [1]:
RAD) =E(LAL) = jL(i,/l)p(Mg)d/l ...(20)
The squared error loss function will be used in this research, which can be
known as follows [6]:
LA =@ —1)? ...(21)
For a two-parameter Lindley distribution, the number of parameters is two «a
and 0 instead of one 4, and the likelihood function for this distribution has been
defined in equation (9), and the prior joint distribution of these parameters was
obtained after assuming the following:
6~Gamma(a, b), a|0~TwoPExp(—0,c)
That is, 8 follows the Gamma distribution and a conditioned by the variable 8
follows a two-parameter exponential distribution, and the reason for this is that
the space of 6 is devoid of any dependence on a while the space of a depends
on 8 (a > —0), that is, the probability density function for each of them can be
written as follows:

..(19)

ba
= a-1g-b6 (22
PO) = 7y 07 (22)
p(alf) = ce=c@*® . (23)
Thus, the prior joint distribution is as follows:
ch?
— — a-1,-[(b+c)0+ca]
p(6,a) = p(a|6)p(6) O 6% e - (24)

By applying this equation as well as the likelihood function defined in equation

(9) in equation (19), we get the joint posterior probability as follows:
n

02 %
(9 - a) no(1 4+ ax) g0 ga-1,—((b+c)8+ca)

p(6,alx) = . (25)

92 n B _ _ _
—_— i i n
ff(e ) [T, (1 + ax;) e m9xga-1e (b+06+ca) gy qu

The estimator of any function can be obtained in terms of the two parameters,
let it be, u, using the squared loss function as follows:
2\ _
u(f,a 67 [T, (1 + ax;) e Wxga-te—(b+ab+ca) gy go
0+a =1
i =E[ud,a)] = > ..(26)

n
J‘J‘ (H?I- a) ?:1(1 + ax;) e—n0xga-1,—((b+0)0+ca) 49 dgo
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Because of the inability to obtain an algebraic formula (Closed Form),
approximate methods are resorted to. There are many of these methods useful
for this purpose, the most important of which are Lindley's approximation and
Laplace's approximation.
The researchers (Tierney & Kadane) introduced an approximation in 1986 to
obtain the product of the integration in equation (26) based on the work of
Laplace in 1774 in a research paper entitled (Accurate approximations for
posterior moments and marginal densities). Its purpose is to find the
expectation in cases that are difficult to find [17]. This approximation is called
the Laplace Approximation in relation to the method based on the Laplace
method for finding the integral [5]. Or the Tierney-Kadane Approximation
related to the aforementioned researchers who introduced this method [4].
According to the Laplace approximation method, the expectation for the
posterior distribution is found when this distribution includes an integral in the
denominator that cannot be reduced to a simplified form. If the posterior
expectation is as mentioned in equation (26), then we can formulate it as
follows [11]:

e(n[u(@)]+£+p) 4,
K@=Eh@uﬂ=f‘hmmﬂ - - (27)

Where:

p: The natural logarithm of the prior joint distribution of the parameters.
£: The natural logarithm of the likelihood function.

Assuming that:

1
h(2) =—(£+p) ... (28)
n'(2) = in (u(@)) + h(2) .29)
Then equation (27) becomes:
nh*(4) 41
I(x) = E[u(Alx)] = W - (30)

Thus, Laplace's estimation for this equation is as follows [17]:

1
. 202 P
I(x) = E[u(lx)] = [W exp fn (h*(2") - h(2))} ..(31)
Where |.| denotes the determinant of the matrix, A* and 1 are estimated
vectors that maximize functions h*(&) and h@) respectively, and 2* and X are
the inverse of the negative Hessian matrix for h*(/_l) and h(/_l) at 1* and 1
respectively.

In the case of two parameters, as is the case in this research, the equations (28),
(29) and (30) are written as follows [7]:

1
h(9,a)=£(£+p) ...(32)

h*(0,a) = %ln(u(@, a)) + h(0,a) ...(33)
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* 1/2
1(x) = B[u(6,alx)] = (%) exp {n (1(0%,6") ~ h(8,))} .39
Where (6%, @*) and (8, &) maximize functions h*(0, @) and h(8, ) respectively,
and X" and X are the inverse of the negative Hessian matrix for h*(6, @) and
h(6, a) at (6*,&*) and (0, &) respectively, so that both 2* and X can be defined
as follows:
[ 9%k ?h 1"

_ 902 000a
5 =[—Hy] pop =| ..(35)
e |- 9%h _ath
000« da? 6=0
a=a
[ a%h* azh*]‘ll
. _ 962 00da
I = [—Hp] Ygopr = ) ’ ..(36)
0-0; [_ *h' 9%h J
000a oa? 0=6"
a=a

As for the case of the two-parameter Lindley distribution, the researchers
derived in this research the values that maximize the two previously mentioned
functions in equations (32) and (33) in addition to the Hessian matrices for both
functions, taking into account that equation (32) does not change with the
change of the u function and thus it will be the same for all cases, and the
maximum values for it will be found once, unlike equation (33) which will be
maximized by three different cases, and the following is the finding of the
maximum points for the function h(6, a):

1 n

h(6,a) = r—l{anne —nln(@ + a) + Z In(1+ax)—nOx+(a—1)In6—[(b+c)d+cal ..(37)
i=1

0h(8,a) 1@2n+a-1 n _

oh(6,a) 1 n X

T‘ﬁ{‘@m* Tvax =° (39

The values 8 and & are obtained after solving equations (38) and (39). As for the
Hessian matrix, we obtain it by differentiating equations (38) and (39) again, as
follows:

0°h0,a) 1 2n+a-1 n

e L L ... (40)
002 n 62 (g + &)

0%h(6,a) 1 n Zn: x? 1)
da?2  n (g + &)2 L (1 + @x;)?

0%h(6, 2°h(e, 1

©.@) _97h0.a) _ . (42)

000a dadf 6+ &)2

Thus, the matrix of the second derivatives is as follows:
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[62h 62h]

_| a62 696a|
H, _| 32h  2%h ..(43)

laaae aaZJ

As for equation (33), its maximization varies according to the u function,
but here we will find general equations and then substitute for special
cases, as follows:

h*(0,a) = %ln(u(@, a)) + h(6,a) ... (44)
oh’(6,0) 1 2n+a—-1 n

a6 n{u(e a)le= o + ) “d+a _”x_(b‘l‘C)} ... (45)
o0, _1

oa n u(9a)|9 9*_9+a Zl+axl_c =0 - (46)

The values of 8* and @* are obtained after solving equations (45) and (46). As
for the Hessian matrix, we obtain it by differentiating equations (45) and (46)
again, as follows:

0%h*(0,a) 1) wugy [ug]? 2n+a-—1 n
062 ZE u(o (X)IG:@ PPN 52 + 5 4 A+)? - (47)
, oo [u(Q ,a )] z:;z 6 (9 +a )
0?h*(0,a) 1) ug | [ug]? n = x?
a2 n)u(®,a)le=2 A o Py _Z(l + @*x;)? - (48)
0207 u(6r,a)] 0=0: (- +a) & i
0°h*(6,a) 0°h*(6,a) 1) ug, | Uglly _n (49)
900a ~  9ad0  n|u6,a)le=z* [u(6,a)]? 9=’9‘* (9*_'_ )
a=a* a=a*

Thus, the matrix of the second derivatives is as follows:

[0%h*  0%Rh"]
_|a62 a60a|
Hy = laZh* 92h* ..(50)
0add Oda?
As special cases of the function u, we take the following three cases and
substitute h(0,a) and h*(0, @) into equation (34) after taking into account u
and its accompanying derivatives for each case:
Bayesian Estimator of 8: in this case u(6, «) = 6, then:
) }lg:l,ua =_u9q= Ugg = Ugg = Ugg = 0
Bayesian Estimator of a: in this case u(0, @) = a, then:
] :lla =Lug = uea_: Ugp = u9_9 :_uaa =0
Bayesian Estimator of the survival function: in this case

u(@,a) = [W] e~9t then:

0+ 2a+ aft + a?t
Up = — e ot
6 + a)?

.. (51)
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— 0%t -0t 52)

ua_(9+a)ze o (
6%t + abt — 2a| _,
Ugg = Ugp = —0x W (53)
(2a%0% + ab® + a®0)t> + (6% + 3a6? + a®0 — a®)t* — 2a%t]
Ugg = e t (54)
0+ a)3
20%x

Uy = —me (55)

Where the Bayesian estimator of the survival function is obtained after
substituting equations (51) to (55) in equation (31).

5. Simulation

A comprehensive simulation was carried out to generate data distributes as
two-parameter Lindley distribution, and based on these data, the parameters
and survival function were estimated by the maximum likelihood and Bayesian
methods by Laplace' approximation, and then the two methods were compared
using the MSE criterion. The data was generated by the quantile function of the
two-parameter Lindley distribution, which is obtained as follows:

Fo) = 1 [9+a+at9x] _ox _
X = 0+ a € -
0+ a+ abx
=>1—u=[—] ~6x

0+a

=@ +a)(1—u)=[0+a+abx]e b
=>(9+a21(1—u)= [9+a+9x]e'9x

a

0+ a)(1—we " 8 (0+a)
+ — + - a
_ @ +a) au)e « =[ a+9x]e(9x+ £9)

a

0 L _(6+a) 0 (0+a)
+ — + - a
L 0+l -we « _ _[ . Qx]e (0x+122%)

® a)(l Yol I
+a —ue a +a
>W_i|- =- [ + Hx]
a
[ Groa-we Y] e
+a —ue a +a
>-W_,|- = [ + Hx]
a
[ 0+ -we %] s
+a —u)e a +a
>-W_;i |- - [ ] = 0x
a a
1 0 e B2
+a —ue a +a
N PN I Ca)] Sl —[ .. (55)
0 o Oa

Where W_;(.) is the Lambert W Function with a negative branch.
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The generation process was performed for four different cases as shown in
Table 2, and for each case different sample sizes (50, 100, 150) were used. The
experiment was repeated 1000 for each of the four cases, after which the
estimation process was carried out using the maximum likelihood and Bayesian
methods, and their comparison was done using the MSE criteria. All of these
operations took place in the R environment.

Table 1. Different cases of simulation.

Cases 0 a
Case 1 0.5 0.5
Case 2 0.5 2
Case 3 1.5 0.5
Case 4 1.5 2

The following tables show the simulation results for the parameters:
Table 2. The simulated MSEs values for 8 = 0.5; ¢ = 0.5.

Sample Size Parameters MLE Bayes Best

n=50 6 =05 0.50786 0.51654
a=05 0.52712 0.51706 Bayes

MSE 0.00671 0.00653

n=100 6 =05 0.50475 0.50916
a=05 0.52593 0.52129 Bayes

MSE 0.00392 0.00372

n=150 6=0.5 0.50476 0.50779
a=05 0.52534 0.52265 Bayes

MSE 0.00290 0.00276

Table 3. The simulated MSEs values for 6 = 0.5; a = 2.

Sample Size Parameters MLE Bayes Best

n=50 6 =0.5 0.5099 0.57521
a=2 2.19657 2.08677 Bayes

MSE 0.06138 0.03087

n=100 6 =0.5 0.50538 0.53706
a=2 2.16786 2.0951 Bayes

MSE 0.04702 0.02408

n=150 6 =0.5 0.5075 0.50918
a=2 2.14852 2.11255 Bayes

MSE 0.03768 0.02099

Table 4. The simulated MSEs values for 8 = 1.5; ¢ = 0.5.

Sample Size Parameters MLE Bayes Best

n=50 6 =1.5 1.5374 1.53958
a=05 0.57628 0.54821 Bayes

MSE 0.04759 0.04757

n=100 6 =15 1.53795 1.55446
a=05 0.57571 0.5622 Bayes

MSE 0.02855 0.02811

n=150 6=1.5 1.53313 1.54472
a=05 0.58082 0.57253 Bayes

MSE 0.02258 0.0221
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Table 5. The simulated MSEs values for 8 = 1.5;a = 2.

Sample Size Parameters MLE Bayes Best

n=50 6=1.5 1.52705 1.53752
a=2 2.11779 2.00048 Bayes

MSE 0.07729 0.07394

n=100 6=15 1.51477 1.57137
a=2 2.10936 2.05143 Bayes

MSE 0.04811 0.04132

n=150 6=1.5 1.51474 1.55194
a=2 2.10363 2.06154 Bayes

MSE 0.03746 0.03233

The following tables show the simulation results for the survival function:

Table 6. The simulated MSEs values of survival function for 8 = 0.5; ¢ = 0.5.

Sample Size t Real MLE Bayes Best
n=50 0.05 0.9875 0.98742 0.98698
0.5 0.87615 0.87539 0.87152
1.5 0.6495 0.64821 0.6397
Bayes
3.5 0.32583 0.32619 0.31637
5 0.18469 0.18645 0.1785
MSE 0.00899 0.00886
n=100 0.05 0.9875 0.98757 0.98735
0.5 0.87615 0.87659 0.87467
1.5 0.6495 0.65017 0.64592 Bayes
35 0.32583 0.32679 0.32181
5 0.18469 0.18589 0.18185
MSE 0.00442 0.00435
n=150 0.05 0.9875 0.98758 0.98744
0.5 0.87615 0.87666 0.87539
1.5 0.6495 0.65004 0.6472 Bayes
3.5 0.32583 0.32601 0.32267
5 0.18469 0.18491 0.18219
MSE 0.00286 0.00284
Table 7. The simulated MSEs values of survival function for 8 = 0.5; a = 2.
Sample Size t Real MLE Bayes Best
n=50 0.05 0.99482 0.99491 0.9948
0.5 0.93456 0.93456 0.9186
1.5 0.75579 0.75397 0.70765 Bayes
35 0.41706 0.41608 0.34978
5 0.24625 0.24795 0.19087
MSE 0.0229 0.02054
n=100 0.05 0.99482 0.99497 0.99427
0.5 0.93456 0.93544 0.92757
1.5 0.75579 0.75635 0.73328 Bayes
35 0.41706 0.41754 0.38356
5 0.24625 0.24758 0.21779
MSE 0.00632 0.00612
n=150 0.05 0.99482 0.99492 0.99486
0.5 0.93456 0.93483 0.92963
1.5 0.75579 0.75449 0.73901
35 0.41706 0.41422 0.39105 Bayes
5 0.24625 0.24421 0.22377
MSE 0.00463 0.0046
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Table 8. The simulated MSEs values of survival function for 8 = 1.5; ¢ = 0.5.

Sample Size t Real MLE Bayes Best
n=50 0.05 0.94514 0.94508 0.94297
0.5 0.56094 0.56117 0.54933
15 0.16469 0.16649 0.15681 Bayes
35 0.01213 0.01313 0.01153
5 0.00159 0.00189 0.00158
MSE 0.00477 0.00469
n=100 0.05 0.94514 0.94519 0.94413
0.5 0.56094 0.56067 0.55468
15 0.16469 0.16418 0.15927 Bayes
35 0.01213 0.0122 0.01142
5 0.00159 0.00164 0.0015
MSE 0.00243 0.00242
n=150 0.05 0.94514 0.94558 0.94488
0.5 0.56094 0.56249 0.55846
15 0.16469 0.165 0.16167 Bayes
35 0.01213 0.01215 0.01163
5 0.00159 0.00161 0.00151
MSE 0.00164 0.00162
Table 9. The simulated MSEs values of survival function for § = 1.5; a = 2.
Sample Size t Real MLE Bayes Best
n=50 0.05 0.9675 0.96744 0.9673
0.5 0.67481 0.6742 0.66101
15 0.24091 0.2429 0.24077 Bayes
35 0.02099 0.0231 0.01587
5 0.00292 0.00366 0.00212
MSE 0.00592 0.00526
n=100 0.05 0.9675 0.96774 0.96539
0.5 0.67481 0.67551 0.65562
15 0.24091 0.24203 0.2236 Bayes
35 0.02099 0.02191 0.01812
5 0.00292 0.00324 0.00246
MSE 0.00230 0.00226
n=150 0.05 0.9675 0.96774 0.96717
0.5 0.67481 0.67527 0.67397
15 0.24091 0.24105 0.22871 Bayes
35 0.02099 0.02141 0.01888
5 0.00292 0.0031 0.00258
MSE 0.00206 0.00202

We note from all the previous tables that the Bayesian method is better than
the maximum likelihood method in the four cases and for the three sample
sizes. The sample. As for the consistency property, the estimates of the two
methods have this property because the MSE values of these estimates
decrease with the increase in the sample size.

6. Conclusions
We conclude from the above the following:
1. All estimators of the two methods have a property of consistency.
2. The priority of the Bayesian method over the maximum likelihood method.
3. The performance of the two methods converges with increasing the sample
size.
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ABSTRUCT:

The gray system theory which proposed by the Chinese researcher Julong Deng
is the theory that deals with the uncertain information of phenomena,
according to which few data can be used to create models without taking into
account the distribution of those data. Therefore, this theory has been widely
used in the field of image processing, time-series prediction, system
optimization, control and decision, etc. Gray system prediction is one of the
most important components of gray system theory that works to find rules for
system development through certain data processing procedures in order to
predict the future of the system scientifically and quantitatively.

When the time series data have large fluctuations and a greater oscillation
range, it is difficult to build an appropriate model to describe the behavior of
that time series, in this case we can think of predicting the wave of behavioral
data development in the future based on the original wave of data, this kind of
prediction is called wave prediction, and its modeling process is obvious and
simple, so wave prediction is gaining high application value in many fields.

In this paper, gray wave prediction models will be used to predict crude oil
production in Iraq based on the time series data of the monthly production rate,
whose observations suffer from large fluctuations.

Keywords: Time series, Grey Model, Grey Wave model, Contour lines.
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1. Introduction

In systems theory, colors are used to express the availability of information
or not for the studied system, as the white color is used to express the
availability of complete information for the system, so it is called the white
system, while the black color used to express the complete lack of information
and is called the black system, while the system is called the gray system if the
information about it is tainted by uncertainty or accuracy, and for this system,
we find that some of the information is known and the other part is unknown.

Gray system theory can be defined as a research in uncertainties due to its
use of little data and information. This theory is used with little and uncertain
data for small samples of data and partial and weak information as the main
research inputs.

The gray system was proposed by the Chinese scientist Deng Ju-Long in
1982 [8]. Which is adopted as a method for forecasting non-linear time series,
and this system has been developed by researchers and adopted in various
fields, economic, industrial and natural phenomena.

Gray models are useful for predicting the behavior of a monotonous time
series, meaning that it is characterized as ascending or descending pattern, as
it gives predictions with high accuracy, but it is inefficient in the case of time
series with periodic and transverse fluctuations, which prompted researchers
to think about predicting the wave of data behavior in the future based on the
wave of the original data and this type of prediction is called the wave
prediction, which is one of the most important gray forecasting and the adopted
model is called the gray wave model and it is of interest in this research.

This research has been divided into five main sections, the first includes the
introduction, the second includes the gray prediction model and clarification of
its mechanism of action and steps for its construction, the third includes the
gray wave model and clarification of the justifications for its existence and steps
for its construction, and the fourth section includes the applied aspect of the
research where the application is applied to two series of data, and finally the
section fifth for conclusions.

2. Gray Forecasting Model

The gray forecasting model is one of the quantitative models used in
prediction, which depends on the gray generation function, where the
cumulative generation process is used to form differential equations that have
properties that require less data, so this model appears as an effective tool for
obtaining valuable information from small data sets [9]. This model is referred
to as GM(p,q), as the symbol p indicates the order of the differential equation
and the symbol g indicates the number of variables included in the model [4].

As a special case of the gray forecasting model GM(p,q), the GM(1,1) model,
which is characterized by its simplicity and accuracy, as well as being the most
widely used despite the presence of several other types, but most researchers
focus on using this model for its computational efficiency, and this model is
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described as A first-order linear gray model that consists of a first-order
differential equation with only one variable [18].

The idea of GM(1,1) can be summarized in transforming the original data
series of random nature into a regular data series to achieve an arrangement
that meets the requirements of the forecasting model, where the raw data that
suffers from randomness undergoes a cumulative assembly process called
accumulative generation operator (AGO), then the differential equation of the
model is solved depending on the data series resulting from the accumulation
process to get the expected value, then the inverse of the accumulation process
is applied to get the predictive value [14]. Thus, we can say that prediction in
the gray models includes three main processes: the cumulative generation
process, the gray modelling, and the inverse accumulated generating operation
[5], and these steps will be explained as follows [1], [10], [16]:

I. Preparation the original time series data assuming that it is represented as
follows [1]:

x© = (x(°>(1),x(°>(2),... xOm) n=4 (D)

Where n represent the time series length.

And then using the accumulative generation operator to create a new sequence
for the original data series, as follows:

AGO: x© —x@)

x@® = [ x®(1),xD(2),...,xDm)] - (2)

Where x@ represents the new series after cumulative additions, which is
obtained as follows:

m

xM(m) = z x9® ,m=12..,n ..(3)

k=1

The effect of randomness and irregularity in the original data series will be weak
and decreases after the accumulative generation operator takes place [6].

Il. Generate a new time series denoted by z(1) , whose values are the averages
of the adjacent values of the time series x1 which generated using the
accumulative generation operator eq.(2), as following:

z®W(@m) = 0.5 (x(l)(m) +xM(m — 1)) ,m=23,... (4

lIl. Create a grey differential equation as shown in the following equation which
represents the first-order differential equation through which we can model
x@:

xOm) +azPm)=p ,m=23,...,n ...(5

Where: a: the developed coefficient. §: the grey controlled variable.

Equation (3) can be reformulated as follow:

xOm) = —az®m)+p ,m=23,...,n ...(6)
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We can formulate equation (6) in the form of matrices, as follows:

[x9@)7] [-22@) 1]

lX(O);B)j:l_Z(Os)(s) 1‘[‘[’3‘] - (7)
Ow] 0w 1

The parameters of the gray model are estimated in equation (7) using the least
square method, as follows:

PN a ! - !
o=[f]- oy
Where:
[-z®@2) 1] [x©(2)]
7 = [_Z(o)(3) 1j y= [X(o)(3)‘
—z®m) 1 x©(n)
After getting the values & and f the response time values W (m) are
calculated as follows:

W (m) = (x(o)(l) —g) e~@(m-1) +g ;m=12,...,n,n+1,... ...(8)
IV. After all the values of (1) are obtained, the inverse accumulated
generating operation is performed using the following equation [7]:

£O(m +1) =P (m + 1) -2V (m) - (9)

3. Gray Wave Forecasting Model

Gray models of one or more variables are useful for predicting the behavior of
a monotonous time series, as they give high accuracy predictions, but they are
inefficient in the case of time series with cyclical and episodic fluctuations,
which prompted researchers to think about predicting the wave of data
behavior in the future based on the original data wave. The type of prediction
of the wave prediction, which is one of the most important gray predictions
and the adopted model is called the gray-wave model [12], the idea of the
gray wave forecasting model is summarized in three main steps: selecting the
contour lines, determining the time sequences, and applying the gray model
GM(1,1) on the time sequences and these steps will be explained as follows
[13]:
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I. Choosing contour lines: In the gray wave, equal contour lines are originally
used based on the maximum and minimum values in the data. This method is
suitable when fluctuations are regular, however, it may not be, so Chen et al.
[3] suggested unequal contour lines. Now, let's symbolize the original series as
follows:

X = (x(1),x(2), ...,x(n) ) ..(10)

then we arrange this series in ascending order to get the following series:

X2 = (x3(1),x%(2), ... ,x3(n)) - (11)

Let &, =x%(1), & =x%(n) , and &;,&,,...,&_, bes-quantile data, where:
x2([w)) w is not integer

§i=9 [X*w)+x*(Jw+1])] . - (12)

> w is integer
Where:
w =n(i/s) .(13)

&, represents the unequal-interval contour lines of the original series.

IIl. Identifying contour time sequences: which are determined based on the
intersects between the unequal interval contour lines &; obtained from
equation (12), and the original time series X, let Xg = (Pl, Py,..., Pmi) be a set
of intersection points, P; lies on the ¢; broken line and the coordinates of P, are
(q(j), E]-), where [15]:
§ —x(t)

D=ti+———————— , j=12,....m ...(14
q() =t X(6 + 1) —x() j (14)
Thus QEO) = (q;(1),q;(2),...,qi(m;)),i = 0,1,2,..., s represent the time
sequences of the contour line §;.

. Filtering contour time sequences and forecasting with GM(1,1): For gray
wave forecasting, originally used time sequences that contain 4 or more
elements [15], but when the time series fluctuates, this is not convenient to
predict but it is necessary to filter these sequences when used with GM(1,1) [2].
The idea of filtering depends on the autocorrelation of the time series, as the
autocorrelation measures the similarity between the observations as a function
of time, based on it we can choose the time sequences whose ends are close to
the sequence of the first future value, then we can use the GM(1,1) model based
on the sequences that are selected and as follows [17]:

Let tg represent the serial number of the first forecasted value and QEO) =
(9i(1),q;(2),...,9;(m;)) represent the time sequences chosen for the contour
line &, for which (t§ — q;(m;) ) is very small. Establish the gray model GM(1,1)

based on the chosen time sequences ng) to get the forecasting values of

106



Journal of Statistical Sciences Edition No.:20, September 2023

qim; + 1), qi(m; +2), ...,q;(m; + k;). Arranged all the elements in
contour time sequences Q((,O), io), cee _50) in ascending order and deleting the

invalid values, let (q;(1) < q;(2) <...< qj(ng)) are the forecasting series,
such thatng < Y7_;(m; + k). If q(k) is a point located on the contour line &,
, the in sample estimated and out sample forecasting of the generated wave is
as follows:

Eq(k) +m[gq(k+1) - Eq(k)]}: k= 1,2,...,ns (15)

4. Application

The data under research, represented the monthly average of crude oil
production, in millions of barrels in Iraq, for the period from January 2016 to
December 2021, that is we have a monthly time series of 72 observations. These
data are presented in Table (1), and Figure (1) illustrates the plot of this series.

Table (1): Monthly crude oil production from Jan. 2016 to Dec. 2021.

2016 2017 2018 2019 2020 2021
January 88.3 102.4 129.8 132 135.2 142
February 95.5 85.3 118.1 118 122.1 127
March 95.7 111.6 125.9 132 135.1 140
April 91.9 103.2 121.9 126 130.8 135
May 98.5 110.1 125.5 131 135.2 142
June 93.3 115.7 123.2 126 130.8 138
July 98.9 123.5 128.3 132 138.3 143
August 101.8 124.8 129.9 132 138.3 144
September 103.8 120.6 126.6 129 133.8 139
October 102.8 121.6 131.6 131 138.3 142
November 98.1 120.3 128.5 124 133.6 138
December 112.2 128.1 135.9 130 138.6 141
150

140 -|

130 -|

120 -|

1104

100 -|

20 -|

-
2016 2017 2018 2019 2020 2021

Figure (1): Monthly crude oil production from Jan. 2016 to Dec. 2021.
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We note from Figure 1 that the series is fluctuant, and this is supported by the
descriptive statistics related to it, as the difference between the maximum value
and the minimum value is relatively large, and the results of the Jarque-Bera
test indicate that these data do not follow the Normal distribution and the
following table shows these measures:

Table (2): Description statistics of monthly crude oil production.

Mean Max Min Std. Dev. Jarque-Bera Test
9.494792
123.5736 144 85.3 15.23413 (0.008674)

Table 3 shows the autocorrelation coefficients from the first lag to the tenth lag,
which indicate that this series is highly auto-correlative, so we can choose the
time sequences from it.

Table (3): Autocorrelation analysis of crude oil production.

Lag 1 2 3 a 5
ACF 0.834 0.820 0.783 0.710 0.675
prob. 0.000 0.000 0.000 0.000 0.000
Lag 6 7 8 9 10
ACF 0.587 0.583 0.523 0.495 0.465
prob. 0.000 0.000 0.000 0.000 0.000

For prediction purposes, this series consisting of 72 observations has been
divided into two parts, the first part for the period from January 2016 to
December 2020, meaning that it is 60 observations, and the second part is 12
observations for the period between January and December of 2021. The first
part was used to select the contour lines and determine the time sequences,
and the second part was used to evaluate the prediction, and the prediction in
this research is a prediction of 12 steps.

Now we start with the first step of the gray wave prediction, which is
represented by choosing the contour lines, where s=9 was used, meaning there
are ten contour lines as shown in figure (2), Table (4) also shows the number of
broken lines that intersect each of the contour lines. while table (5) presents

the time sequences which represent the second step.
140 I I

130 VAMREATA \

120 /

1or

100 V| ,r

901/ \

0 I L I | I
0 10 20 30 40 50 60

Figure (2): Ten contour lines for crude oil production.
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Table (4): Contour lines and their intersection points.

i 0 1 2 3 4 5 6 7 8 9
& | 853 | 981 | 1038 | 119.2 | 1235 | 1266 | 129.95 | 132 | 1352 | 1386
m 1 6 6 5 13 14 17 12 10 1
14 4 9 18 19 23 25 35 35 60
5 11 25 20 25 32 37 36
6 12 26 23 30 33 39 49
11 14 37 25 33 34 43 51
13 15 38 26 37 35 44 53
14 16 27 38 37 48 54
28 39 38 49 56
29 40 39 50 57
t; 30 41 40 51 58
37 42 41 52 59
38 46 42 53
49 47 44 54
50 49 45
50 46
48
49
50
Table (5): Contour time sequences.
i 0 1 2 3 4 5 6 7 8 9

14.00 | 4.94 | 9.00 [ 18.45 | 19.00 | 23.81 | 24.99 | 35.47 | 35.91 | 60.00
5.08 | 11.40 | 25.91 | 2031 | 25.27 | 31.98 | 37.00 | 36.18
6.86 | 12.86 | 26.14 | 23.41 | 30.67 | 33.67 | 39.00 | 49.00
11.00 | 14.70 | 37.91 [ 25.54 | 33.00 | 34.53 | 43.00 | 50.98
13.25 | 15.93 | 38.09 | 26.69 | 37.39 | 35.20 | 44.00 | 53.00
14.49 | 16.09 27.60 | 3861 | 37.15 | 48.38 | 54.59
28.44 | 39.90 | 38.85 | 49.24 | 56.69
29.87 | 40.12 | 39.34 | 50.76 | 57.31
Q" 30.06 | 41.88 | 40.79 | 51.72 | 58.66
37.61 | 42.10 | 41.21 | 52.27 | 59.32
38.39 | 46.63 | 42.66 | 53.73
49.89 | 47.43 | 44.68 | 54.16
50.11 | 49.66 | 45.47
50.35 | 46.15
47.99
49.40
50.60

Now, we start with the third step, which represents the filtering of the time
sequences and the formation of the GM(1,1) model, we know that the serial
number of the first future value is 61, and the series showed strong
autocorrelation as shown in Table (3), and Qéo), go) and Qéo) in GM(1,1)
modeling because it is the closest to the future value, and the accumulative
generation operator will be found according to equation (2) for all of these
sequences, as shown in table (6).
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Table (6): Accumulating generator operators.

i 6 7 8

24.99 35.47 35.91
56.97 72.47 72.08
90.64 111.47 121.08
125.17 154.47 172.06
160.37 198.47 225.06
197.52 246.86 279.65
236.37 296.10 336.34
275.71 346.86 393.65

AGO 316.50 398.58 452.31
357.71 450.86 511.63
400.37 504.58
445.05 558.74
490.53
536.68
584.67
634.07
684.67

Then we get the values of z(l)(m) according to equation (4) and as in the
following table:

Table (7). The mean generation of consecutive neighbors' sequences.
i 6 7 8
40.98 53.97 54.00
73.81 91.97 96.58
107.91 132.97 146.57
142.77 176.47 198.56
178.94 222.67 252.35
216.94 271.48 307.99
256.04 321.48 364.99
1€)) 296.11 372.72 422.98
% 337.11 424.72 481.97
379.04 477.72
422.71 531.66
467.79
513.60
560.67
609.37
659.37

Using least squares method, the following estimates were obtained:

. 0?6] =[—0.0295
Po =gl ~ L 31534
L a7] z[—0.0354
7= g, 37.67
. as] =[—0.0417
Ps = |, 42.09
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After getting the values of @ and 8 the response time values are calculated as
follows:
g (m) = (x(o)(l) - &> e-astm-1) 1 P68 _ 1093 939002851 _ 1068949

Qs g

g (m) = (x(o)(l) - %) e~ (m-1) 4 ? = 1099.594¢00354(m-1) _ 1064.124
7 7

g5 (m) = <x<0>(1) - ﬁg) e-an0m=) 4 P2 _ 1045 963000017m- _ 1009353

6’f_s Qg
then:
qi(m) = ¢ (m) — ¢P(m-1)

After the estimated values are obtained, we can predict the time series,
and the value of the root mean squares error criterion was calculated and
its value was equal to 3.0723, the original series and the predictive series
was drawn together in the following figure, which shows the extent of

convergence between them.
150 T T
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130 -
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Figure (3): The estimated and the empirical series.
5. Conclusion
In this research, the monthly rate of crude oil production in Iraq was studied,
and the results showed that this series is not a monotonous series, and had
irregular fluctuation ranges, the results also showed that these data do not
follow the Normal distribution and that the autocorrelation is strong. The
Contour time sequences (6, 7, 8) were chosen and used to predict the series
because they are the closest to the first future value. A graph showed how
close the original empirical series was to what was estimated by the gray wave
method.
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